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Abstract. We establish extensions of the Crofton formula and, under some restrictions, of the
principal kinematic formula of integral geometry from curvature measures to generalized curvature
measures of convex bodies. We also treat versions for finite unions of convex bodies. As a consequence,
we get a new intuitive interpretation of the area measures of Aleksandrov and Fenchel-Jessen.
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The subject of this paper is the generalization of two integral geometric intersection formulae for
curvature measures of convex bodies: the Crofton formula and the principal kinematic formula. The
curvature measures of Federer are replaced by the so-called generalized curvature measures, which
are concentrated on the set of all support elements of a convex body, and which for this reason
we will also call support measures. The proofs of these extensions depend on certain easy-to-state
assertions about the boundary structure of convex bodies. For one of these assertions, we were only
able to give a proof under some restrictions on the convex bodies under consideration. This results
in corresponding limitations for our generalized principal kinematic formula. We strongly conjecture
that in fact these restrictions are not necessary. Our version of the Crofton formula, which can be
proved without any restrictions, gives rise to a new intuitive interpretation of the support measures
and especially of the area measures of convex bodies. We also treat extensions to the convex ring, the
set of all finite unions of convex bodies. For analogous results in spherical space, see my thesis [1],
which also contains the results of the present article. The paper [2] is a summary of [1]. It remains
open whether there exist extensions to classes of more general sets, as considered in the case of the
curvature measures, e.g., by Rother & Zihle [3]. For a recent survey on integral geometry of convex
bodies, see Schneider & Wieacker [7].

1 Preliminaries

We work in n-dimensional Euclidean space R™ with standard inner product (-,-), induced norm
Il - || and origin o. The linear and affine hull operation is denoted by lin and aff, respectively.
Sn=1:={z € R": ||z|| = 1} is the unit sphere. Let K be the space of all convex bodies, i.e. the set
of all compact, convex subsets of R” (including the empty set), topologized as usual. The interior of
a convex body K is written int K, the relative interior relint K, the boundary bd K, the dimension
dim K. Let P C K be the set of all polytopes, i.e. the convex hulls of finite sets.
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For K € K\{0} and = € R" let d(K, x) be the Euclidean distance of z to K, and let p(K,z) € K
be the metric projection of x in K, i.e. the point in K nearest to z. If d(K,z) > 0, let u(K,z) :=
(r — p(K,z))/d(K, ) be the outer unit normal vector of K pointing to z. We let ¥ := R" x §"~!
and Nor K := {(p(K,z),u(K,z)) € ¥:z € R"\K} for K € K\{0} and in addition Nor () := (. We
refer to the elements of Nor K as the support elements of K. The subset Nor K C X is compact.
For K € K and a face F of K let N(K, F') be the normal cone of K at F, i.e. the convex cone

N(K,z):={ueR": (u,z) > (u,y) for all y € K},

where z is an arbitrary point from the relative interior of F.
For e > 0, K € K\{0} and n € B(X) (where B(X) denotes the o-algebra of all Borel subsets of
a topological space X) let

M(K,n):={z €eR":0<d(K,z) <¢ (p(K,z),u(K,z)) € n}

be the local parallel set and let p(K,n) := A" (M.(K,n)), where A" is Lebesgue measure on B(R").
According to the Steiner formula u(K,7n) is a polynomial in e,

pe(K,m) = izenj (?)@'(K,n% (1)

cf. Schneider [5], Theorem 4.2.1. The measures O; (K, -) on B(X) defined by the coefficients are the
generalized curvature measures of K, which we will briefly call support measures of K. In addition
we define ©;(0, ) := 0 and p(0,) := 0. We will mainly work with the renormalized measures
A;(K,-), defined by

nn_ A (K, ") = (?) 0;(K,"),

where k,,_; is the volume of the (n — j)-dimensional unit ball. We also refer to the measures A; (X, -)
as the support measures of K.
An easy computation of u.(P,n) for P € P gives

1

(n—J)

Aj(P.n) =
fin=j FeF;(P) N(P,F)nSn—1

1, (z,u) d)\j(a:)d)\"_j_l(u), (2)

where F;(P) is the set of all j-faces of P, 1, is the indicator function of the set n € B(X) and N is
j-dimensional Hausdorff measure.

If we choose € = 1,...,n in the Steiner formula, we can solve the resulting system of linear
equations and get the representations

Aj(K,-) = ijk.uk(Ka') (3)
k=1

for all K € K with certain real constants b,y

By the specialization ®;(K, A) := A;(K, A x S*~1), A € B(R™), we get the curvature measures
®;(K,-) of Federer, and S;(K,w) := 0;(K,R" x w), w € B(S""1), defines the area measures of
Aleksandrov and Fenchel-Jessen. The global measures V;(K) := A; (K, X) are the intrinsic volumes
of K. For the most important properties of the functionals ©;, ®;, S;, and V; we refer to Schneider
[5], Section 4.2. We would like to point out one additional property of the measures A;(kK,-): The
functional A; is locally determined, i.e. for K, K’ € K and n € B(X) with n N Nor K = n N Nor K’
we have A;(K,n) = Aj(K’,n). This follows from (3) and the fact that also the measures p.(K,-)
are locally determined.
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The convex ring R is the set of all finite unions of convex bodies. There exist uniquely determined
additive extensions of the support measures A; to R, i.e. the extended functionals (again denoted
by A;) have the valuation property

AN(KNK') )+ AN (KUK’ ) = Aj(K, )+ Aj(K', )

for all K, K’ € R. For a construction of these extensions see, e.g., Schneider [5], Section 4.4. If
K € R is represented as a union of the convex bodies Kj,..., K,,, then the inclusion-exclusion
principle tells us that

MK ) = Y0 (=D)PITA (K, ). (4)

veS(m)

Here S(m) is the set of all non-empty subsets of {1,...,m}, and for v € S(m) we denote by |v| the
cardinality of v and define K, := N;c, K;.

Let G,, and SO,, be the groups of all proper rigid motions and proper rotations of R", re-
spectively, topologized as usual. Let g and v be the Haar measures on G,, and SO,,, normali-
zed by u({g € Gn : g(o) € B"}) = k, and v(SO,) = 1, respectively. We let & denote the
set of all affine g-dimensional subspaces of R"™, ¢ € {0,...,n}, again equipped with the usual
topology. We denote the Haar measure of the homogeneous Gj-space &' by pi4, normalized by
pe({E €&} ENB™ #0}) = finq.

We now cite the principal kinematic formula and the Crofton formula in the versions for curva-
ture measures of convex bodies. We use the constants ;. defined by

() mernss—n T (R

S T e D(ED () ©)

k J)HJHW

Elementary proofs of the following two theorems, which are special cases of results of Federer, can
be found, e.g., in [5], Section 4.5.

Theorem 1.1. Let K, K' € K, A € B(bd K) and B € B(bd K'). Then for j € {0,...,n — 2}, we

have )
/q> (KNgK', AN gB)du(g Z @i (K, A)®, 1 (K, B).
G k=j+1

Theorem 1.2. Let K € K and A € B(bd K). Then for g€ {1,...,n—1} and j € {0,...,q — 1},
we have

/q)](K N E7A N E) duq(E) == anjqq)nﬂ-_q(lﬂ A) .

&

We remark that the slightly more general variants treated in [5], where arbitrary A, B € B(R™)
are admitted, can easily be deduced from the above assertions with the help of the Fubini theorem.

In our proofs of generalizations of Theorems 1.1 and 1.2 we use the following simple characteri-
zation result for the support measures of polytopes. Its proof is short and elementary, and a special
feature lies in the fact that the functional under consideration is not postulated to be a valuation.
In another context, characterization of the support measures was investigated by Z#hle [8].
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Lemma 1.3. Let ¢ : P x B(X) — R be a map satisfying the following properties:
(a) ¥(P,-) is a (finite) signed measure for all P € P.

(b) We have ¥(gP, gn) = ¢(P,n) for all P € P, n € B(X) and g € Gy, where gn := {(gz, gou) €
Y (z,u) € n} (here go € SO, is the rotational part of g).

(¢) Forne B(X) and P, P' € P with nN Nor P =nNNor P’ we have ¥(P,n) = (P’ n).

Then there are real numbers cg, ..., cp—1 such that for all P € P

¢(P7) = z_:CjAj(Pf)'
=0

Proof: To start with we show ¥((),-) = 0. We define a finite signed measure p by p(4) :=
(0, Ax S"7 1), A € B(R™). From (b) we know that p is translation invariant, therefore it must be a
multiple of Lebesgue measure. But since p is finite, the factor involved must be 0. Thus (), -) = 0.

We now deduce from (c) that ¢ (P, ) is concentrated on Nor P for all P € P.

Now let P € P\{0}, j € {0,...,dim P} and F' € F;(P). An easy argument using (a), (b), (c)
and the fact that Lebesgue measure and spherical Lebesgue measure can be characterized by their

invariance properties yields ‘ A
$(P, A x B) = b\ (A"~ (B)

for every A € B(relint F), B € B(N(P,F) N S™"~!) with a real constant b; depending only on j.
Since we have shown that (P, -) is concentrated on Nor P and since Nor P is the disjoint union of
the sets (relint F') x N(P, F), F € F(P), we get from equation (2)

1
U(P,Ax B) = b > N(FnANITYN(P,F)nB)
FE]'-J'(P)

S
|

<.
- O

<

11—

= CjAj(P,AXB)

<.
Il
o

for all A € B(R™), B € B(S" '), where c; is defined by (n — j)k,_;b;. In the usual way we derive
n—1
G(Pm) = ciA;(Pn)
=0

for every n € B(X): The set of all n € B(X) satisfying this equation is a Dynkin system, which
contains all sets of the form A x B with A € B(R"), B € B(S™™!); thus it must coincide with B(X).
|

2 A problem concerning the boundary structure
of convex bodies

Our proofs of the principal kinematic formula and the Crofton formula for support measures use a
certain assertion about the boundary structure of convex bodies in an essential way. Unfortunately
we could prove this easy-to-state assertion only in some special cases, so that we can merely formulate
it as a conjecture.
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Conjecture Let K, K' € K be convex bodies. Then for p-a.e. g € Gy, we have
lin N(K,z)Nlin N(gK',z) = {o}
for allz € bd K Nbd gK’'.

In favour of this conjecture we can state that it is true if one of the two bodies is a polytope,
that it is correct in dimensions two and three and that the corresponding assertion in spherical space
is true in all dimensions (for this result we refer to [1], p. 78).

It is not difficult to see that the assertion is true for n = 2. In the case n = 3 we can argue as
follows. Let (v, L) € R" x Ly, (2', L") € R™ x L} with ¢, € {1,...,n — 1}. The set of all motions
g € Gy, with z = g2’ and dim(L N goL') > 1, where g9 € SO,, is the rotational part of g, is a
compact m-dimensional submanifold of G,,, where m = min{n(n—1)/2,n(n—1)/2+q¢+r—n—1}.
In the case n = 3 it is not difficult to show that the set {(z,L) € R" x L} : lin N(K,z) = L} can
be written as a union of sets A;, ¢ € N, such that each A; can be covered, for all sufficiently small
€ > 0, by at most ¢;e~ ("9 subsets of R™ x L7 of diameter e (here the numbers ¢; are independent
of €, and the term “diameter” refers to the product metric on R" x L7, where the metric on L} is
induced by a rotation invariant Riemannian metric). The methods used in Schneider [5], pp. 90 -
93, then show that the set

{g€ G, : thereisanz € bd K Nbd gK' with L :=lin N(K,z) € L7,
L' :=1lin N(gK',z) € L} and dim(LN L") > 1}

has o-finite Hausdorff measure of dimension (n—q)+(n—7r)+(n(n—1)/24q+r—n—1) = n(n+1)/2—1.
Since G, has Hausdorff dimension n(n+1)/2, our conjecture is true for n = 3. (Before this argument
was found, a different proof for the case n = 3 was communicated to me by Rolf Schneider, see the
proof of Satz 8.3.2 in [1].)

This argument can be extended to general dimensions if the following question has a positive
answer. For ¢ € {1,...,n — 2}, let zo,...,24, € R” be affinely independent, let L be the (n — g)-
dimensional linear subspace orthogonal to aff {zo, ..., 2,4}, let E; := L+x; € &), let § # K; C E;
be convex bodies (which may be (n — g)-dimensional parallel bodies of some given convex bodies in
the flats E;), and let K := conv (Ko U--- U Kj). Define

A= {aff (HNK) €&} : H is asupport hyperplane of K, card(H N K;) =1 Vi} .

Equip the space £ with a metric which is induced by a motion invariant Riemannian metric. Then

our question is as follows. Can A be covered, for all sufficiently small € > 0, by at most ¢e~(*—4=1)
subsets of £ of diameter €, where c¢ is independent of € ?

In this article we give a proof of our conjecture for the case that one of the bodies is a polytope.
This proof uses a deeper result of Zalgaller [9].

Theorem 2.1. The conjecture is true if one of the convex bodies K, K' is a polytope.

Theorem 2.1 is a consequence of the following result, which we want to state as a theorem as
well. Here we denote by E™ the linear subspace totally orthogonal to the affine subspace E.

Theorem 2.2. Let K € K and let ¢ € {0,...,n —1}. Then for uq-a.e. E € &, we have

q 7
E+nlin N(K,z) = {0}

forallz € ENbd K.

The proofs of Theorems 2.1 and 2.2 will be given in Section 4.
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3 Intersection formulae for support measures

In order to generalize the principal kinematic formula from curvature measures to support measures,
we have to define a law of composition between two subsets of 3 which is adapted for the intersection
of two convex bodies. The natural definition of such a law of composition seems to be the following:
For n,n' C ¥ we let

nAn = {(x,u) €Y : there are uq,us € S"! with
($7U1) S m, (x7u2) S 77/’ u € pos {u17u2}} 3

where pos {uy,us} := {Au1 + Aaug : A1, Ao > 0} is the positive hull of the set {uj, us}.

In the following it is necessary to assume that the support measures are complete measures (we
do not introduce new symbols for the completions).

In the case of the principal kinematic formula we have to impose restrictions on the convex bodies
under consideration, since the general conjecture formulated in the last section remains open. We
call a pair K, K’ of convex bodies admissible, if this conjecture is true for these two bodies.

Our principal kinematic formula for support measures can now be stated as follows. Note that
the constants o, have been defined by (5). For a more satisfactory analogue in spherical space,
see [1], Satz 6.1.1, or [2], Theorem 9.

Theorem 3.1. Let K, K’ € K be an admissible pair of convex bodies, and let n € B(Nor K),n' €
B(Nor K'). Then

n—1

[ MK G n gy duto) = Y cnsu e )ik (K
G k=j+1

forje{0,...,n—2}.
If K, K' € K are convex bodies which do not touch each other and A, B are Borel subsets of
bd K, bd K’, respectively, then it is easy to see that
Nor (KNK')N((ANB) x §* 1) = (Nor KN (A x S™ ")) A (Nor K'n(BxS"1)).

Since K and gK’ do not touch each other for p-a.e. g € Gy, (see, e.g., [6], Hilfssatz 2.1.4), in the
case n = Nor KN (A x S" 1), 0’ =Nor K'N (B x S"!) Theorem 3.1 thus reduces, for admissible
K, K’ € K, to the principal kinematic formula for curvature measures.

The following generalization of Theorem 1.2 can be proved without any restrictions imposed on
the convex bodies under consideration. The appropriate law of composition between a subset of X
and an affine subspace is defined as follows: For n C ¥ and F € £, q € {1,...,n—1}, we let

NAE:={(z,u) €X : thereare uj,us € " ' with
(z,u1) €n, x € E, uy € E*, u € pos {ul,ug}},

where B+ € L3,_, is the linear subspace orthogonal to E.

Theorem 3.2. Let K € K and q € {1,...,n—1}. Then for every n € B(Nor K) we have

/Aj(K NE,nAE)dus(E) = anjehnti—q(K,n)
&g

forallj€{0,...,q—1}.
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Remark 1: Tt was indicated in [1], p. 111, how Theorem 3.2 for ¢ = 2 and j = 0,1 can be used
to show that the formula of Theorem 3.1 is true in the case j = n — 2 for arbitrary convex bodies
K, K'

Remark 2: We note that in the case j = 0 Theorem 3.2 yields a new intuitive interpretation of
the support measures, since it is a known fact that

O0(K,1) = nknAo(K,n) = A" 1({u e "' : (x,u) € nNNor K for an z € bd K})
for all K € K and n € B(X), see Schneider [4], p. 120, (4.5). In particular we have

1
Sq(K,w) = - / Oo(KNE,(Nor KN(R" X w))AE)dpn—q(E) (6)
qEZZ;q
for all Borel sets w C S"! and all ¢ € {1,...,n — 1}, which gives a new integral geometric

interpretation of the area measures.

The validity of Theorems 3.1 and 3.2 can be extended from convex bodies to elements of the
convex ring. In order to formulate these results it is necessary to define the set Nor K of all support
elements also for sets K of the convex ring R. It is possible to give an adequate definition with
the help of the index function treated by Schueider [5], Section 4.4, but we prefer to give a simple
definition which does not require additional concepts. If K € R is an element of the convex ring, let
I(K) be the set of all sequences (K;);en in K with K = U2, K; and K; = ) for almost all 7 € N.
Let further S(N) be the set of all non-empty subsets of N. We now define

Nor K := ﬂ U Nor (Nieu K;) -
(K;)€I(K) veS(N)

For K € K this is obviously consistent with the previous definition. The set Nor K is compact for
all K e R.

Since we were not able to prove the conjecture of Section 2 in its full generality, we can show
the principal kinematic formula for support measures of sets of the convex ring only in a restricted
version. We call a pair K, K’ € R admissible, if there are representations K = K; U --- U K,,,
K'=K{U---UK] , with K3,...,K,,, K{,...,K/,, € K such that for every v € S(v) and every
v’ € S(m’) the pair K, K, of convex bodies is admissible in the sense introduced above.

We can now state our results as follows.

Theorem 3.3. Theorem 3.1 remains true if the pair K, K’ is replaced by an admissible pair of
elements of the convex ring R.

Theorem 3.4. Theorem 3.2 is valid also for sets K € R.

The results of this section will be proved in Section 5.

4 Proofs of the results stated in Section 2

Proof of Theorem 2.2: Let K € K and g € {0,...,n— 1}. We say that a flat E € &y is in K-general
position, if E+Nlin N(K,z) = {o} for every z € ENbd K. Let A be the set of all E € £} which
are not in K-general position. A is contained in B(&}') since A = UX_; Ay, with
A, ={F € &, + therearez € ENbd K,ui,uz € N(K,z)n S Land A, A2 € R
with |)\1|, |)\2‘ < m and Aui + Aousg € EL N Sn_l}
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and each A,, is closed (I thank Professor Rolf Schneider for pointing this out to me).

We denote the set of all linear subspaces of dimension ¢ by L} and the rotation invariant
probability measure on B(Ly) by v,. If f : £ — R is a nonnegative Borel measurable funtion, we
have

[tana=[ [ 2400 @),
£

Ly Lt

where AL is (n — q)-dimensional Lebesgue measure in the subspace L+ € Ly

At first we assume o € int K and show v,(ANLY) = 0. Let L € AN L}. Then there exists an
xr € LNbd K with dim(L+ N N(K,z)) > 1. Thus there are v, ...,v, € N(K,z) and real numbers
AMyeeoy A with D70 Nu; € L*+\{o0}. Let w; be the sum of all \;v; with \; > 0 and let —ws be the
sum of all A;jv; with A; < 0. Then w;,w, define a segment in N (K, ) which is parallel to L*. Let
H be the supporting hyperplane of the polar body

Kr:={yeR": (y,z) <1lforall z€ K}

of K at its outer normal vector « and let F' := H N K* be the corresponding support set. We have
y € F if and only if (z,y) = max{(y,z) : z € K} = 1. Therefore F = H N N(K,z). Let A > 0
with Aw; € F. Since L™ is parallel to H we have \wy € F. Thus Aw;, Mw, define a segment in the
boundary of K* which is parallel to L*. According to a result of Zalgaller [9] (cf. the formulation
in [5], pp. 93 - 94) the set of all L € Ly for which there is a segment in the boundary of K* that is
parallel to L has v,-measure zero. Hence v,-almost all L € Ly are in K-general position.

Now let K be an arbitrary convex body with non-empty interior. Let By := {E € & : E touches
K} and B, :={F €& : E € A\Bo, V,(KNE) > 1/m} for m € N. The set By is closed, and the
sets By, m > 1, are Borel sets since the map £ +— V(K N E) is continuous on &'\ By (this follows
from [5], Theorem 1.8.8, and the continuity of the volume functional). We have A = UX_ B,,, and
it is easy to see that uy(Bo) = 0. For m > 1 we deduce from the Fubini theorem

,uq(Bm)

/ / 15, (L +y) d\" (y)dv,(L)

Ly Lt

[ @ [+t @ad @)

Ly {yeLt:L+yeBn} L

m///1Bm(L+y+z)1K(y+z)dAL(z)dA“(y)duq(L)

,C’qL L+t L

m / / 1, (L + z) dvg(L)d\"(z) .

K Ly

IN

It follows from what we have shown above that

/ 1p, (L +z)dy,(L) =0
ir

for all z € int K. Thus we deduce p,4(B,,) = 0 and therefore p14(A) = 0.

Finally let r := dim K < n. If ¢ +r < n —1, then KN E = ) for p,-almost all £ € £ and
our assertion is trivial. Let ¢ +r > n and let F := aff K € £. It follows from [5], Lemma 4.5.1,
that E- N FL = {o} for pg-almost all E € &. For E € £ with EX N F*+ = {o} the flat E is in
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K-general position if and only if the (¢ + r — n)-dimensional flat E N F is in K-general position in
the subspace F (this follows from the easily verified equivalence

(ENF)*NL={0} — E*nlin (F-UL)={o}

for linear subspaces L with L+2 C F for z € F). Themap f : {E € £} : E*NF+ = {o}} = &\,
E — ENF,is continuous. The image of the restriction of u, under f is invariant with respect to
motions which fix F', it is finite on compact sets, and it does not vanish identically. The range
of f can be identified with £/, _,. Since the Haar measures on &7, _,, differ only by constant
positive factors (for a simple proof, see [6], Satz 1.3.4), this image measure must coincide, up to a
constant positive factor, with the measure fig4r—p, on €7y, _,,. Now it follows from our treatment of
n-dimensional convex bodies that 14(A) = 0. ]

Proof of Theorem 2.1: Let K € K and P € P. We have lin N(K,z) Nlin N(P,z) = {o} for all
x € bd K Nbd P if the affine hull of every face of P is in K-general position. Thus it is sufficient to
show that for every £ € £, q € {0,...,n — 1}, for p-almost all g € G,, the flat gF is in K-general
position. Let again A be the set of all g-flats which are not in K-general position. We have
1({g € Gn: gk € A})
— [ [146lE + ) ax@yav(p)
50, R"

_ / / / La(p(E + 2)) AN (2)dv(p)dN" (y)

E SOn E+

/ / / LA(L + ) AN (2)dvy (L)ANE (3)

E Ly Lt

=/uq(A)d/\E(y) 0,

E

since pq(A) = 0 by Theorem 2.2. ]

5 Proofs of the results stated in Section 3

We are now going to prove Theorem 3.1 with the help of a sequence of lemmas. The proof of Theorem
3.2, which relies heavily on Theorem 2.2, can be given along the same lines (alternatively one could
deduce Theorem 3.2 from Theorems 3.1 and 2.1, see [1], pp. 122 - 124). For this reason we omit the
proof of Theorem 3.2.

In the following we use the abbreviations [uj,us] = pos {ui,uz} N S"~ ! and Juy,us| =
[u1, ua]\{u1, us} for ui,us € S™1L.

If K, K’ € K is an admissible pair of convex bodies and gK’ is a congruent copy of K’, we say
that K and gK' are in general relative position, if lin N(K,z) Nlin N(gK',z) = {o} for all z €
bd KNbd gK’. In the proofs of the subsequent lemmas we often use the following fact. If K, K’ € K
are in general relative position and if (z,u) € Nor K A Nor K’ but (z,u) ¢ Nor K U Nor K,
then there are uniquely determined wuy,us € S™~! with (z,u;) € Nor K, (z,u2) € Nor K’ and
u € Jug,us[. Indeed, since lin N(K,z) Nlin N(K’',z) = {0} we have u = v; + vy with uniquely
determined v; € N(K,z), vo € N(K',x), v1,v2 # o, and u; = v;/|vi||, i = 1, 2.
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For the purpose of the proof of Theorem 3.1, we introduce a second law of composition between
two subsets of X. For 7,7’ C ¥ we define

nrn' = {(z,u) €S : there are uj,up € S ! with
T, Uy n, (T, Uz n,u Ui, u2 .
(@, w) € n, (z,u2) €11y w € Jur, ug

We work with the measures p (K, -), the local parallel volumes as defined in Section 1. If not stated
otherwise we always assume that K, K’ is an admissible pair of convex bodies. Let € > 0.

Lemma 5.1. Letn € B(Nor K), ' € B(Nor K'). Then for p-a.e. g € G,, we have nMgn’ € B(X).
For g € G,, there is a set By € B(X) with (n A gn’)\(n M gn’) C By such that p(K NgK',By) =0
for p-a.e. g € G,.

Proof: Let g € Gy, such that K and gK’ are in general relative position. If (z,u) € X :=
(Nor K ANor gK')\(Nor K UNor gK'), then, as mentioned above, there exist uniquely determined
uy,uz € 8" 1 with (x,u1) € Nor K, (z,uz2) € Nor gK' and u € Juy,us[. For i € {1,2} we let

mit X — Za (x,u) = (l‘,Ui),

o u,us € S"~1 are determined by (z,u1) € Nor K, (z,u2) € Nor gK’ and u € Juy, uz[. The maps
m, o are continuous: If (z;,u;); en is a sequence in X with lim; oo (x;,u;) = (z,u) € X, such that
(xj,v;) = m1(x;,u;) does not converge to (z,vg) := m1(x,u), then there is an increasing sequence
(ij)jen in N with (v;,)jen converging to a v € S"~! with v # vg. Let w be an accumulation point
of the sequence (w;; ) jen, where (2, w;) := T2(z;,u;). Because of (x,v) € Nor K, (z,w) € Nor gK’
we have u € v, w[ and therefore m (z,u) = (z,v) # (x,v0) = 71 (z,u). This contradiction shows the
continuity of 71, and the same argument yields the continuity of 5.

We have n Mgy’ = w7 (n) 0wy Hgn'): If (z,u) € 7N gy, then there exist uj,us € S™~!
with (z,u1) € n, (z,u2) € gn’ and u € Juy,us[. Since K, gK’ are in general relative position, we
have (z,u) ¢ Nor K U Nor gK’ and hence (z,u) € 77 *(n) N7y '(gn'). For the reverse inclusion
let (z,u) € m;*(n) N7y (gn'). Then on the one hand there exist vy, vy € S*~! with (z,v1) € n,
(z,v2) € Nor gK' and u € ]vy,vs[, on the other hand wi,wy € S"~! with (z,w;) € Nor K,
(x,ws2) € gn’ and u € Jwy,ws]. Because of lin N(K,z) Nlin N(gK’,z) = {o} it follows v; = wy,
vy = wo and therefore (z,u) € nMgny'.

Because of X € B(X) it now follows that nMgn’ € B(X) C B(X).

Now let g € G, be arbitrary. The set

B, := (Nor K UNor gK’) N ((bd K Nbd gK') x S~ 1) € B(%)

obviously satifies
(mAgn')\(nMgn') C By.

Furthermore we have for the local parallel sets
MK NgK',B,) = M (K,bd gK' x S"™') U M.(gK’,bd K x S"™1)
and therefore
/uE(K NgK', By) dp(g)
Gn

< / (ME(K, bd gK' x S™ 1) + pe(gK’,bd K x S”*1)> du(g) .

Gn
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An application of the Fubini theorem gives (see, e.g., [6], Satz 1.2.7)

[ netai b oK' x 5™ dut)
Gn

/ 1 (K, (bd 9K + 1) x S"~1) dA™ (£)dw(9)
SO, R™
) / N(bd 9K") dv(d) = 0
SO,

and similarly [, pc(9K’,bd K x S" 1)du(g) = 0. It follows

/ue(KﬂgK’,Bg)du(g) =0
Gn

and therefore p.(K NgK', By) = 0 for p-a.e. g € G, as asserted. [

Now it is clear that under the above assumptions the set n A g’ is (K N gK’,-)-measurable
for p-almost all g € G,,. In the following we assume that the measures u.(K NgK’,-) are complete.
As a consequence of Lemma 5.1 we have

pe(KNgK' \nAgn') = pe(KNgK',nngn)
for p-almost all g € G,,.
Lemma 5.2. Let ' € B(Nor K'). Then for p-a.e. g € G, the map
B(Nor K) =R,  n— p(KNgK',nAgn),
s a finite measure.

Proof: Let g € G, such that K and gK’ are in general relative position. Let € bd K Nbd gK’.
Because of lin N(K,z)Nlin N(gK’,z) = {0} we have for all A, B C N(K,z)NS""! with ANB =10
and all C C N(gK',z)n Sn~1

(=} x Ay (fey x ) 1 (e} x BYN ({a} x €)) = 0.

From this it follows generally
(m Mgn') N (n2Mgn') =0

for all ny,m2 C Nor K, Nne = 0, and ' C Nor K'. Since p.(K NgK’,-) is a finite measure, the
assertion follows from Lemma 5.1. [ |

Lemma 5.3. If (K;);en is a sequence in K with lim;_. K; = K such that the pair K;, K' is
admissible for all i € N, then for p-a.e. g € G,

lim inf pe (K; N gK’, (n N Nor K;) A g(n' N Nor K'))
> pe (K NgK',(nNNor K) A g(n N Nor K'))
for all open sets n,n’ C X and

lim Me(Ki NgK’,Nor K; A Nor gK’) = ,ug(K NgK’',Nor K A Nor gK/) .
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Proof: Let 7 and 7’ be open subsets of X. For p-a.e. ¢ € G,, both K,gK’ and K;,gK' for
all ¢ € N are in general relative position. In the following ¢ is an arbitrary motion having this
property. The assertion is trivial if K N gK’ = (). So let us assume K N gK’ # (). The bodies K, gK’
do not touch each other (otherwise they were not in general relative position), therefore we have
lim; oo (K; NgK’') = K NgK'’ according to Theorem 1.8.8 in [5]. We show that for all § € (0, ¢€) the
inclusion

Ms(K ngK',(nNNor K)g(n' N Nor K'))
C liminf M. (K; NgK', (nN Nor K;) M g(n' N Nor K'))
71— 00

holds (as shown in the proof of Lemma 5.1 both (n N Nor K) M g(n’ N Nor K') and (n N Nor K;) M
g(n’ N Nor K’) are Borel sets).

Assume z € M (K NgK',(nNNor K)Mg(n’ NNor K')) with d(K NgK’,z) < e. For almost all
i € Nwe have 0 < d(K;NgK',z) < €. For these i we define u; := u(K;NgK’, x), p; := p(K;NgK', ),
and we put u := u(K NgK' x), p := p(K N gK',x). We have u; — u,p; — p for i — oo.
Since K and gK’ are in general relative position, there are uniquely determined v,w € S™~! such
that (p,v) € nNNor K, (p,w) € g(n’ " Nor K’') and u € Jv,w[. We have p; € bd K; N bd gK’
for almost all i, since otherwise (p;,u;) € Nor K; U Nor gK’ for infinitely many ¢ and therefore
(p,u) € Nor K UNor gK’, hence u € {v,w}. Since K; and gK’ do not touch each other we have
(pi,u;) € Nor (K; NgK')N ((bd K; Nbd gK’) x S"~1) = Nor K; A Nor gK’ for almost all 4, hence
for these i there are v;,w; € S"~! with (p;,v;) € Nor K;, (p;, w;) € Nor gK’ and w; € [v;, w;]. For
almost all ¢ we even have u; ¢ {v;, w;}, since otherwise again v € {v,w}. As K and gK"’ are in general
relative position, we can show the limit relations v; — v, w; — w for ¢ — oo in the same way as the
continuity of the maps 71, o defined in the proof of Lemma 5.1. Because of (p,v) € n, (p,w) € gn’
and since the sets 7, gn’ C X are open, we have (p;,v;) € n, (p;, w;) € gn’ for almost all 4, hence

x € liminf M (K; N gK', (nN Nor K;)Mg(n NNor K')),

i—00
as asserted.
It follows that
e (K NgK’', (nNNor K)Mg(n NNor K'))
= N'(Mc(KngK',(nnNor K)Mg(n' NNor K')))
/\”(liirgiogf M. (K; ngK',(nnNor K;)Mg(n NNor K')))

IN

< liminf p (K; N gK’', (n N Nor K;) Mg(n’ N Nor K'))

for p-a.e. g, and an application of Lemma 5.1 gives the asserted inequality.
It is not difficult to show that the inclusion

limsupMe(Ki NgK’',Nor K; ANor gK') C M. (K NgK' ,Nor K ANor gK')

U bd (K NgK’)

holds if g € G, is such that K and gK’ do not touch each other. It follows on the one hand that for
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these g

lim sup p.(K; N gK’',Nor K; A Nor gK')

1—00

= limsup \" (ME(KZ» NgK' Nor K; A Nor gK’))

1—00

< X"(limsup M(K; N gK',Nor K; A Nor gK"))
< X' (MK ngK',Nor K ANor gK'))

= u(KnNgK' Nor K ANor gK').
On the other hand from the inequality shown in the first part of this proof it follows

pe(K NgK',Nor K ANor gK') < liminf p.(K; N gK’',Nor K; A Nor gK")

for u-a.e. g € G,,. Now also the second assertion of Lemma 5.3 is established. [ |

It is clear that results similar to Lemmas 5.2 and 5.3 are valid with the roles of the pairs (K, n)
and (K’,n’) interchanged.

Lemma 5.4. For all g € B(Nor K),n' € B(Nor K') the map g — u(K NgK',n A gn') coincides
with a Borel measurable map p-almost everywhere.

Proof: Let g € G,, such that K and gK’ are in general relative position, and let (g;);en be a
sequence in G, converging to g such that K and g; K’ are in general relative position for all 4 € N.
If n € Nor K and 1’ C Nor K’ are open subsets, then for every ¢ € (0,¢) the inclusion

Ms(KNgK',nMgn') C liminf M. (K Ng;K,nM gin)

can be proved as in the first part of the proof of Lemma 5.3. Hence

pe(K NgK',nMgn) <liminf p. (K N g K',nMgmn').
11— 00

Now from Lemma 5.1 it follows that the map g — u.(K NgK’',n A gn') is well defined and lower
semicontinuous on a subset of G,, of full measure for all open n C Nor K and ' C Nor K'. Therefore
the assertion is true for such n,n’. It is easy to show with the help of Lemma 5.2 that for open
1’ C Nor K’ the set of all n € B(Nor K) for which the assertion is true is a Dynkin system. From
this the assertion follows for n € B(Nor K) and open 7' C Nor K’. In a second step one can show
the general assertion in an analogous manner. [ ]

Lemma 5.5. There exist real numbers ag, k,1 € {0,...,n — 1}, depending only on ¢, such that

n—1

/ue(K NgK',nAgn')du(g) = Y andn(K,nA(K',7)
an k,1=0

for all n € B(Nor K),n" € B(Nor K').
Proof: Let P € P and n € B(X). The map
b PxB(E) — R

(P ) / jie(P 1 gP', (" Nor P) A g(n’ N Nor P')) dp(g),
GTI,
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which is well defined because of Lemma 5.4 and Theorem 2.1, satisfies the assumptions of Lemma 1.3:
From Lemma 5.2 and the monotone convergence theorem it follows that the map ¢(P’,-) is a measure
for all P’ € P. The left invariance of p implies ¥(gP’, gn') = ¥(P’,n’) for all P’ € P, ' € B(X). For
all P{, P} € P and all ¥ € B(X) with ' N Nor P{ =»' N Nor Pj we have
[(nN Nor P) A g(n’ nNor P{)]NNor (PNgP;)
= [(nnNor P) A g(n’ NNor P{)]NNor (PN gP})
= [(pNNor P) A g(n' N Nor Py)] N Nor (PN gPy)

for all g € G,,, and since p, is locally determined it follows ¥ (P{,n’)
numbers cg,...,c,—1 € R, depending only on €, P and 7, such that

¥(P§,n'). Hence there exist

/ue(PﬂgP’ (nN Nor P) A g(n N Nor P') chAlP n')
Gn

The same argument can be applied to show that the coefficients ¢; are linear combinations of the

support measures of P:
n—1

a =Y auh(Pn),

k=0
where the real numbers ay; depend only on e. Lemma 5.5 is now proved for polytopes. It can be
extended to admissible pairs K, K’ € K in the same way as equation (4.5.19) on p. 247 in Schneider
[5] is extended from strictly convex bodies to general convex bodies. Beside Lemmas 5.2, 5.3, Fatou’s
lemma and the dominated convergence theorem we here use the fact that, according to Theorem
2.1, a pair of convex bodies is admissible if one of the bodies is a polytope. [ |

Proof of Theorem 3.1: Let K, K’ € K be admissible and let n € B(Nor K), ' € B(Nor K’).
According to equation (3) there are constants bj;, with

/A(KﬂgK nAgn')du(g ijk/,uk KnNgK',nngn')du(g).
G’Vl

Now Lemma 5.5 shows that there are real constants c;i; satisfying

n—1
/Aj(KﬂgK’m/\gn Ydu(g) = Y ciuhi(K,m)A(K' 7).
e k,l=0

In the case n = Nor K, ' = Nor K’, this equation must be compatible with Theorem 1.1, thus we
obtain for the constants cji = o i ifl=n+j—kand j+1 <k <n-—1, and ¢ji; = 0 in all other
cases. |

In order to extend our results to the convex ring we need the following lemma. We use the
notations introduced in connection with the inclusion-exclusion principle (4).

Lemma 5.6. Let K,K' € R be an admissible pair, let Ky,..., K, Ki,..., K/, € K with K =
UM K, K= U;”z/lK{ such that K, K, are admissible pairs of convex bodies for all v € S(m),v" €
S(m'). Let further n € B(Nor K), € B(Nor K'). Then for p-a.e. g € Gy, we have

Aj(K,NgK,,nAgn')=A;(K,NgK, , (nNNor K,) A g(n’ NNor K,,))

forallj€{0,...,n—1} and all v € S(m), v' € S(m').
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Proof: Let v € S(m), v' € S(m’). For g € G,, we put
B, := (Nor K, UNor gK,,) N ((bd K, nbd gK/,) x S"™1).

As shown in the proof of Lemma 5.1 we have p. (K, NgK.,, By) =0 for all € > 0 for p-a.e. g € G,
and therefore
Aj(K,NgK,,,By) =0

for all j € {0,...,n—1} for p-a.e. g. Now let n € B(Nor K) and ' € B(Nor K'). For all g € G,, we
have
(nNNor K,)Ag(n’ NNor K,) € (nAgn')Nn(Nor K, ANor gK,,).

We show
((nAgn")yn (Nor K, ANor ¢gK,,))\B, C (nNNor K,)Ag(n'NNor K,)

for all g € G,, such that K, and gK, are in general relative position for all w € S(m), w’ € S(m’).

So let ¢ € G,, such that K,, and gK/, are in general relative position for all w € S(m),
w' € S(m'), and let (z,u) € (nAgn’)N(Nor K, ANor gK!,))\B,y. Then (z,u) ¢ Nor K,UNor gK/,.
According to the definition of “A” there are uy,us,v1,v2 € S*~! with (z,u1) € 1, (z,uz) € Nor K,
(x,v1) € gn', (x,v2) € Nor gK!, and u € [u1,v1] N [uz,va]. We have u ¢ {ug,ve}. If we let w:= {i €
{I,...om}:zeK;} e Sm)andw :={ie{l,...,m'} : x € gK|} € S(m'), thenv C wand v’ C v’
and therefore (z,ug) € Nor K, (z,v2) € Nor gK ,. Because of the definition of the sets Nor K and
Nor K’ it follows from 1 C Nor K, ' C Nor K’ that (x,u;) € Nor K,,, (z,v1) € Nor gK] . Since
K,, and gK] , are in general relative position, we infer u1 = uy and vy = ve. Hence (z, u) is included
in (nN Nor K,) A g(n’ NNor K,).

We now conclude that

A (K, NgK.,, (nNNor K,) A g(n'NNor K,))
= A;(K,NgK,,(nAgn)n (Nor K, ANor gK,,))

for all j € {0,...,n — 1} for p-ae. g € G,. If K, and gK/, do not touch each other we have
Nor K, A Nor gK!, = Nor (K, N gK!,) N ((bd K, Nbd gK/,) x S"~1). Since A;(K, N gK/,,-) is
concentrated on Nor (K, NgK],), the proof is finished if from (z,u) € (n A gn’) N Nor (K, NgK],)
it follows that « € bd K, Nbd ¢gK],. We finally want to show this implication.

Let (z,u) € (nAgn’)NNor (K, NgK!,). Then z € K,,, and there is a & € S"~! with (z,4) € n C
Nor K. We assume x € int K,. Then a fortiori z € int K. We can choose a polytope Py € P with
x € int Py and Py C K, and polytopes P,..., P, € P with K C UfZOPi and P; Nint Py = () for all
ie{l,...,k}. We define K;; := P,NK fori e {1,...,k}, j € {1,...,m}. If we arrange the bodies
Py and K;; in a finite sequence My, ..., Mypm41, then we have K = Uf;”lJrlMl and (z,a) ¢ Nor M,
for all w € S(km + 1) because of the choice of the polytopes Py, ..., Py. It follows (z,u) ¢ Nor K
by the definition of the set Nor K. This contradiction shows = € bd K,, and the same argument
proves z € bd gK,. [ ]

Proof of Theorem 3.3: Let K,K' € R with K = U™ K;, K' = U?;/IK£7 Ky, ...,K,,
Ki{,...,K/, € K and admissible pairs K,, K|, for all v € S(m),v" € S(m’). By the inclusion-
exclusion principle we have for all n € B(Nor K), ' € B(Nor K'), g € G, 7€ {0,...,n—1}

A(EngK pagn)= > Y (=)MHIA (K, ngKL mAgn) .
veS(m) v’ eS(m’)
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From Lemma 5.6 and Theorem 3.1 it now follows that

/ A;(KngK' oA gn')du(g)
G,

Z Z |m+|v\/Aj(KvﬂgK;/,n/\gﬁ')dﬂ(g)

veS(m) v’ eS(m’) e

S % (e

veS(m) v’ eS(m’)

X /Aj(Kv NgK.,,(nNNor K,) A g(n' NNor K,,))du(g)

Gn
= Z Z |U\+|U\ Z an]kAk( uanmNOI‘ K )AnJrjfk(K{,/,?]/ﬂNOI" quj/)
veS(m) v'eS(m’) k=j+1
n—1
- Z Z |v\+|v\ Z O‘njkAk( u,ﬁ)Anﬂ k(KUﬂ?)
vES(m) v/ €S (m’) kgt
n—1
= > k(K n) Ay k(K 7).
k=j+1

The extension of the Crofton formula to the convex ring can be achieved in the same way. The
following lemma is used, the proof of which is essentially the same as that of Lemma 5.6. It relies
heavily on Theorem 2.2.

Lemma 5.7. Let K e R, K = K1 U--- UK, with K1,...,K,, € K, and let n € B(Nor K) and
q€{l,...,n—1}. Then for us-a.e. E € & we have

N(K,NE,nANE)=A;(K,NE,(nNNor K,) A E)

forall j€{0,...,q—1} and all v € S(m).

Literatur

[1] Glasauer, S.: Integralgeometrie konvexer Kérper im sphirischen Raum. Thesis, Univ. Freiburg
i. Br. 1995.

[2] Glasauer, S.: Integral geometry of spherically convex bodies. Dissertation Summaries in Ma-
thematics 1 (1996), 219 - 226.

[3] Rother, W., Zi&hle, M.: A short proof of a principal kinematic formula and extensions. Trans.
Am. Math. Soc. 321 (1990), 547 - 558.

[4] Schneider, R.: Parallelmengen mit Vielfachheit und Steiner-Formeln. Geom. Dedicata 9 (1980),
111 - 127.



INTERSECTION FORMULAE OF INTEGRAL GEOMETRY 17

Schneider, R.: Convex Bodies: the Brunn-Minkowski Theory. Cambridge University Press, Cam-
bridge 1993.

Schneider, R., Weil, W.: Integralgeometrie. Teubner, Stuttgart 1992.

Schneider, R., Wieacker, J.A.: Integral geometry. In: Handbook of Convex Geometry (editors
P.M. Gruber, J.M. Wills), North-Holland, Amsterdam 1993, pp. 1349 - 1390.

Ziéhle, M.: Approximation and characterization of generalized Lipschitz-Killing curvatures.
Ann. Global. Anal. Geom. 8 (1990), 249 - 260.

Zalgaller, V.A.: k-dimensional directions singular for a convex body (Russian). Zapiski naucn.
Sem. Leningrad. Otd. mat. Inst. Steklov 27 (1972), 67 - 72, English translation: J. Soviet Math.
3 (1975), 437 - 441.



