Asymptotic estimates for best and stepwise
approximation of convex bodies III*

Stefan Glasauer and Peter M. Gruber

Source: Forum Mathematicum 9 (1997), 383 - 404
(© de Gruyter 1997

Abstract. We consider approximations of a smooth convex body by inscribed and circumscribed convex
polytopes as the number of vertices, resp. facets tends to infinity. The measure of deviation used is the
difference of the mean width of the convex body and the approximating polytopes. The following results
are obtained. (i) An asymptotic formula for best approximation. (ii) Upper and lower estimates for step-
by-step approximation in terms of the so-called dispersion. (iii) For a sequence of best approximating
inscribed polytopes the sequence of vertex sets is uniformly distributed in the boundary of the convex
body where the density is specified explicitly.

1. Introduction and statement of results

1.1 Let C denote the space of conver bodies in Euclidean d-space IE, i.e. of all compact
convex subsets of E? with non-empty interior. For notions not explained below we refer

to [20]. Given C' € C and k = 0,...,d, let W,(C) be the kth quermassintegral of C.
Wy = V is the volume, dW; the surface area and %Wd,l = W the mean width. Here

kg = V(B?) denotes the volume of the solid unit ball B? of IE". For convex bodies C, D
with C' O D we consider the following notion of deviation:

sk (C, D) = Wi(C) — Wi(D).

If C € C, define Pi = P:(C), n=d+1,d+2,..., to be the set of convex polytopes
which have at most n vertices and are inscribed into C', that is, their vertices are on the
boundary bd C' of C. Similarly, let P(Cn) = P(Cn)(C) be the set of all convex polytopes
circumscribed to C' which have at most n facets, each touching C'.

1.2 It is well-known that for each C € C there is an o > 0 such that
«Q

If C € C?, ie. bdC is a surface of class C?, and the Gauss curvature k¢ of bd C' is
positive, then

deld_ 1 1

(/Hc(w)l/(d+1)d0($))(dH)/(dUW as n — oo;

bdC

(1.2) §Y(C,P) ~
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see [2, 17] (d = 2), [6] (d = 3) and [10] (general d). The constant del;—; > 0 depends only
on d and o is the ordinary surface area measure in JE”. Results analogous to (1.1) and
(1.2) hold also for 6"(C, Pf,,).

It is possible to extend (1.1) to all quermassintegrals: let C' € C, then there is a
constant a > 0 such that for each k =0,...,d — 1,

Wi i @ _

(1.3) 6" (C,P,) < S for n=d+1,...,
A similar result holds for §"(C, Pf,).

For the proof of the inequality (1.3), note that by a familiar result on Hausdorff
approximation there exist a constant oy > 0 and polytopes P, € P, n=d+1,..., with

(651

d _ _
P,cCcP,+¢e,B* for n=d+1,..., and 5n—m,

see e.g. [8]. Here + denotes Minkowski addition. A version of Steiner’s formula for
parallel bodies together with the monotonicity of the quermassintegrals implies,

Wi(P) Wi(C) < Wi (P, + €an)

(Pn) + ﬁlEanH(P )+ -+ Barel FWa(Py)
Wi(Po) + B1aWiia (C) + - + Ba_ren *Wa(C)
Wi(

P,) + asey,
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where f1,..., 84 > 0 and as > 0 depend on d, resp. on C. This gives (1.3), where
a = o1an.

More difficult is the extension of (1.2). We have succeeded only to show the following
result.

Theorem 1. Let C € C N C? with ke > 0 be given. Then

i din_l — 1
(1) 8P ~ T [ cla Vo)
bd C
- . delg_y d/(d+1) (d+1)/(d-1)_ L
(L3) 3M(CPhy) ~ ——=( | K@) Vdo(w)) sy ey
bdC

as n — o0o. Here divy_1 and dely_, are positive constants depending only on d.

Remark 1. The case d = 2 has been stated previously by L.Fejes T6th [2], and proved
by McClure and Vitale [17]. (In this case 6" coincides up to a multiplicative constant
with the length deviation.) A related problem for curves in [ was treated by Glea-
son [4] whilst Enomoto [1] considered curves on Riemannian manifolds. For asymptotic
stochastic approximation Miiller [18] proved the following: let C' € C N C? with k¢ > 0
and let z1,...,x, be independent, identically distributed random points on bd C' with
density function f. Then for W(C) — E(W (conv{xy,...,z,})) there is an asymptotic
formula as n — oo. If f is chosen appropriately, then it is of the form (1.4) but with a
different constant. Here E and conv stand for mathematical expectation and convex hull,
respectively.



Remark 2. The constants, divg, del, were introduced in [10]. They are related to
Dirichlet-Voronoi and to Delone tilings in E*. The first values are

1 1
deh = -, delg = —F,

5
18v/3’ 6 23’

see [2, 6, 7], but for k > 3 it seems hopeless to determine the values explicitly.

diV1 = E, dng =

Remark 3. We briefly sketch the first author’s original proof of Theorem 1, since we
shall follow a different approach. For a convex body C' € C with o € intC', where int
stands for interior, we denote by C* its polar body, i.e. C* = {z € " : (x,y) < 1 for all
y € C}. For C,D € C with o € intC and C C D, let

5(C.D) = / ]| tdA (),

D\C
where ) is Lebesgue measure in . A simple computation using polar coordinates shows

2
(1.6) §"(C,D) = -——6(C*, D*).
d/fd
Now let C' € C N C? with k¢ > 0 and assume o € intC. Then C* € CNC? and ke > 0
(cf. [20], p. 111). The relation

deld_ 1 1
2

n2/(d=1)

(1.7)  6(C*,PL) ~ (/ ko (2) VD ||| =4+ o () @D/ (@D

bd C*

for n — oo can be established in the same way as the corresponding formula for 6" in [10].
By utilizing arguments of Kaltenbach [13], pp. 29 — 32, it can be seen that the integral
on the right side equals

k()Y D do ().
bd C

Now (1.5) follows from (1.6) and (1.7). In the same way also (1.4) can be established.

The proof of the second author was of a more direct type. It contained ideas of the
proof of Theorem 1 in [10].

In this article we first prove a generalization of the crucial Lemma 3 in [10] to Rie-
mannian manifolds, and then deduce (1.4) from it. Reasons for proceeding in this way
are that the generalized Lemma is applicable also in other situations: it provides a short
proof of the asymptotic formula for 6V (C, P(Cn)), and it is used in the proof of Theorem 3
below. A similar but slightly more complicated proof can be given for (1.5); it makes use
of a generalization of Lemma 2 in [10].

Remark 4. Among all convex bodies C € C N C? with k¢ > 0 and of given mean width
it is precisely the Euclidean balls which are asymptotically worst approximated in the
sense of Theorem 1. This follows from Holder’s inequality for integrals and the inequality
Wi(C) < k3 W,4_1(C)4=! where equality holds precisely for balls; cf. [20], p.334, (6.4.7).



Remark 5. About refinements of Theorem 1 the same can be said as for Theorem 1 in
[9] or [10], respectively. Comparing the asymptotic formulae (1.2) and (1.4), analogous
results for other quermassintegrals seem plausible. In our attempts to prove such, two
types of difficulties turn up: first, it seems to be complicated to relate in a simple but
precise form the quermassintegrals of C' and of its approximating polytopes; second, it is
unclear how to compare the contributions of parts of bd C' with different curvatures.

1.3 Given a convex body C, the problem arises to determine polytopes in P! or P(Cn), n=
d+1,..., which approximate C reasonably well; see the discussion in [11] where we add
the reference to Gordon, Meyer, and Reisner [5].

Let C € CNC? with ke > 0 and let 7¢ = ¢ (+, ) be the geodesic metric on bd C
defined by the second fundamental form. Given a sequence x1, s, - € bd C, define its
dispersion d,(z;) = d,(bd C,ve,z;), n=1,2,..., with respect to ¢ by

dn(x;) = sup{inf{yc(x,z;),j =1,...,n} :z € bdC};

see [9, 10, 19]. In [10] it was proved that there are constants (3,7 > 0 depending on C'
such that for any sequence 1,3, --- € bd C' with d,(z;) — 0 as n — oo,

(1.8)  Bd,(x;)4 < 6V(C,conv{wy, ..., x,}) < vdn(z;)?

for all sufficiently large n. The exponents d + 1 and 2 are best possible. Further, there is
a sequence yi, 4o, - - - € bd C' with

)
dn(y;) < @1

where 6 > 0 depends only on C. Using a well-dispersed sequence in the unit cube in E?~*
constructed by Niederreiter [19], this sequence can be given explicitly in a simple way. A
result similar to (1.8) holds when conv{xy,...,z,} is replaced by H/ (z1)N---N HZ (z,)
where He(z) is the supporting hyperplane of C' at z and H/,(z) is the corresponding
supporting halfspace.

The following result complements (1.8).

Theorem 2. Let C € CNC? with ke > 0. Then there are constants 3,7,6 > 0, depending
on C such that the following hold:

(i) For any sequence x1,x2,--- € bd C with d,(z;) = d,(bd C,y¢c,x;) — 0 as n — o0
the inequalities

(1.9)  Bd,(x;) <Y (C, conv{zy, ..., x,}), 8V (C, HS (z1)N - -NHS () <yd(25)?
hold for all sufficiently large n. The exponents d + 1 and 2 are best possible.

(ii) There is an explicitly specifiable sequence yy, Yy, -+ € bd C' with



Remark 6. Theorem 2 shows that a suitable step-by-step approximation method is of
the same order as best approximation. A sequence satisfying (1.10) is easy to construct:
consider finitely many squares (i.e. cubes of dimension d — 1) such that the interiors of
their parallel projections on bd C' cover bd C. In each square choose a well-dispersed
sequence of points as described by Niederreiter [18]. Arrange the images of the points of
these sequences in bd C' into a sequence in the following way: take first the images of the
first points of these sequences in a definite order, then take the images of all second points
in the same order, then take the images of all third points, again in the same order, etc.

Remark 7. Similar results hold for all quermassintegrals, but the lower estimates are
more difficult to prove than those in Theorem 2.

1.4 While in general there is no hope to determine best approximating polytopes of a
convex body with respect to any of the standard notions of deviation, some positive
information has been obtained on the distribution of their vertices. For d = 2 and for
sufficiently differentiable C' with ko > 0, McClure and Vitale [17] and, in a more precise
form, Ludwig [15, 16] showed that for § and the Hausdorff metric 7 the vertices of the
best approximating polygons are — in a definite sense — almost equally spaced on bd C'.
For general d Glasauer and Schneider [3] proved the following: given C € C N C? with
ko > 0,let P, € PL.n=d+1,..., be best approximating polytopes of C' with respect to
6. Then the sequence (vertP,) of the sets of vertices of the P,s is uniformly distributed

with respect to the density 510/2. That is, for each Jordan measurable set J C bd C,

1/2
#(J NvertP,) !“C@) do(z) |
" T k(@) Pdo(zy T
bdC

see [12, 14]. J is called Jordan measurable if it is Borel and the o-measure of its boundary
in bd C' is 0. # means cardinal number.
A related result is the following.

Theorem 3. Let C € CNC? with kg > 0 and let B, € P¢,Q, € P(Cn),n =d+1,..., be
best approximating polytopes with respect to 8. Then the sequences of sets (vertP,) and

(CNbdQ,) are uniformly distributed in bd C' with respect to the density /fdc/(dﬂ).

Remark 7. We give the proof only for (vertP,).

Remark 8. Our method of proof shows that a similar result holds for §¥ with corre-
sponding density /ilc/ @+ and it seems plausible that there are also extensions to the other

quermassintegrals.

2. Tools on tilings and coverings of manifolds

2.1 In order to make the exposition more self-contained, we repeat the relevant parts of
the definitions in [9].

Let M be a (d—1)-dimensional (Riemannian) manifold of class C* with metric of class
C%. Then for any p € M there are a neighborhood U of p in M and a homeomorphism
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h =“'" of U onto an open ball U’ = h(U) in IE*~*. To any u € U’ there is assigned a
quadratic form g,(s) = g,.(s) on IE*!, the coefficients of which are continuous in w.

A curve K in M is of class C! if it has a parametrization x : [, 3] — M such that
for any U and corresponding h and any interval [\, u] C [a, 3] with z([\,u]) C U the
function u = hox : [\, u] — U’ is of class C'. If K C U, its length is

B

(2.1) / Qo (i(7)) 2 dr,

o

otherwise dissect K suitably and add. For z,y € M, let yy/(z,y) be the infimum of the
lengths of the curves of class C! in M which connect z,y. 7 is the geodesic metric on
M. Tt determines the original topology on M. The geodesic disc D(z, ) in M with center
x € M and radius ¢ > 0 is the set {y € M : vy (z,y) < o}.

A set J in M is Jordan measurable if its closure clJ is compact and for any p, U, h and
any neighbourhood V' of p with clV € U for which V" is Jordan measurable in E*~!, also
(JNV) is Jordan measurable in IE*~'. If M is compact, then it is Jordan measurable and
so are geodesic discs. Finite unions, intersections and set differences of Jordan measurable
sets are again Jordan measurable. If J C V| then

(2.2) w(J) = /(det @)Y du  (du = dut ... du®t)

J/
is its Jordan measure; otherwise dissect J suitably and add. Clearly, w gives rise to a
(Riemann) integral on M. w may be extended to a Borel measure on M. Using this
measure, one may alternatively define J C M to be Jordan measurable if clJ is compact

and w(bd J) = 0; compare subsection 1.4.
Let |- | and || - || denote volume and Euclidean norm in %!,

2.2 Our main tool is the following result which extends Lemma 3 in [10].

Lemma 1. Let J C M be Jordan measurable and f : M — IR continuous and bounded.
Then

(2.3) inf{/ min{7yy(v,2)*: v € D} f(2)dw(x) : D C M,#D < n}
J

1

-~ divd_l(/ f(x)(d_l)/(d+1)dw(x))(d+1)/(d_1)n2/(d—1)_
J

as n — 0o, where divy_1; > 0 1s a constant depending only on d.
Proof. Let A > 1.

1. We need Lemma 3 in [10] in the following form.



(2.4) Let Q = {s € E*":0 < s <1}. For every k = 1,2,..., there is a finite set
D c E*! with #D < k for which

wy, = /min{”r —s||?:r € D}ds (ds=ds"...ds"™")

Q
is minimal. Further, there is a constant, divy_; > 0, depending only on d, such
that di
Vg—1
W ~ 12/@1) as k — +oo.

If a point » € D is not in @, then the point ¢ € ) closest to it satisfies the inequality
|7 —s]|| > ||¢—s]| for all s € Q). Hence we may suppose that the set D in (2.4) is contained
in (). This remark together with a suitable linear transformation leads to the following
version of (2.4).

(2.5) Let q(-) be a positive quadratic form on ! and R C E*" a square in the sense
of the norm ¢/2. Then for all sufficiently large k the following hold.

(i) For any set D C ™! with #D <k,

- : diva_1, 5 (at1)/a-1) -1y L
/mln{q(r —s):r € D}ds > T|R| (det q) RNk
R
(ii) There is a set E C R with #E < k such that
1
/ min{g(r — 5) : 7 € B}ds < Adivg 1| RO (dot g) V000
R
A further needed tool is the following mean inequality.
(d+1)/(d-1) | (d+1)/(d—1)\ (@-1/(d+1) N
(2.6) (Ul Tt om ) Zu for oy,...,0,>0.
n n

2. For p € M, let Unh =*"", qy and U" = h(U) be explained as above. q.) = gy is
positive and its coefficients are continuous in U’. Further, f is continuous and positive on
U. Hence, by replacing U by a suitable smaller neighbourhood of p and changing notation
if necessary, we may assume the following, where ¢, = ¢y, ¢y = ¢p and fy = f(p):

(1/N) gy (s) < qu(s) < Agy(s) forue U’ s € ",
(1/A)(det g,)*/? < (det q,)/? < A(det q)Y/? for u € U,
(/N fy < flx) < Afy for x € U.

We now show,
(1/)‘)%0’(3:/ - y/) S 7M($7y)2 S )\QP’(ZLJ - y/) fOI' x,y S Ua ’VM(%?J) < dlSt(:Ev bd U)a
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where dist means distance of sets in M in the sense of the metric v,,.

To see the first inequality, consider all curves of class C! connecting z,y with length
< dist(z,bd U). These curves are all contained in U. Now apply the definition (2.1) of
length, the above inequality between ¢, and ¢, and the definition of v, to these curves.
For the second inequality connect 2’,13’ with a line segment S and consider the curve
h~1(S) C U. Then proceed as in the case of the first inequality.

In each neighbourhood U choose an open Jordan measurable neighbourhood V' of p
with clV C U. As p ranges over M, the Vs form an open covering of the compact set cl.J.
Let V;,l =1,...,m, be a finite subcover. Then the sets

Il:Jﬂ(‘/Z\(‘/IUU‘/Z—I))7 l:]-u"'7m7

are pairwise disjoint Jordan measurable sets with union J. We clearly may assume that
J is open.

Thus, after omitting the empty ones among Iy,...,I,,, renumbering and changing
notation, if necessary, we obtain the following.

(2.7) There are points p; € M, [ = 1,...,m, with corresponding U;, V;, hy =", q, =
Apyus 4t = dpyp, and fl = f(pz) such that

/N ai(s) < qu(s) < Aai(s) for u e Ul,s € E*,

(det ¢)'/? < (det g,)*/? < A(det ¢;)'/? for u € U},

fi < flx) <Afi for z € U,

YNa(@ —y) <yu(r,y)® <A’ —y)  forzy el
with vy (z,y) < dist(z, bd U)),

(v) J =1U---Ul, where the I;s (C V}) are Jordan measurable, pairwise disjoint,
and have non-empty interior.

3. Next the following lower estimate will be established.

(2.8) For all sufficiently large n holds:

inf{/ min{vy(z,9)* : v € D} f(2)dw(x) : D C M,#D < n}

1
n2/d=1)°

J

divg_ _ _

> S ([ #@) (e aeva
J

For each [ =1,...,m, choose sets Sj;, i =1,...,1;, such that

(2.9) the sets Sj; are compact, pairwise disjoint sets in the interior int/; of I, where the

/2

. . 1. 1
images S); are squares in ! in the sense of the norm q,'” and

1
RS



The Sys are compact and contained in the open set U;. By (2.7v) the [;s are pairwise
disjoint. Hence there is a 6 > 0 such that

(2.10) dist(Sy;, bdU;) > ¢ for each pair (I,1),
(2.11) dist(Su, Skj) > 26 for all pairs (,7) # (k, 7).

For each n = 1,2, ..., choose a set D,, C M with #D,, < n, for which

(2.12) inf{/ min{vyy (v, 7)* : v € D} f(x)dw(x) : D C M,#D < n}

> %/min{fy]\/[(v,x)2 v € Dy} f(x)dw(z).

f is bounded and there are sets D C J with #D < n which are arbitrarily densely
distributed in J if n is sufficiently large. This implies that the left hand side and thus also
the right hand side in (2.12) tends to 0 as n — oo. Since f is positive, the latter implies
in turn that the sets D,, are arbitrarily densely distributed in int.J if n is sufficiently large.
Thus, in particular, the following hold: if

Dnli = {U € Dn : diSt<U>Sli) < 5}7 knli = #Dnliu
then
(2.13) Ky — 400 as n — oo,

(2.14) if n is sufficiently large, then min{vyy/(v,z)* : v € D,} = min{y(v,z)* : v € D}
for each x € Sj;.

By (2.11) the sets D,,; are pairwise disjoint for each n. This implies that
(215) knll +---+ knlil + - knmim é n.

The definition of w in (2.2) together with propositions (2.14), (2.10), (2.7), (2.13) and
(2.5) yields the following:

(2.16) if n is sufficiently large, then we have

/rnilrl{mw(v,x)2 :v € Dy} f(x)dw(x)

S
— /min{fyM(v,x)z 10 € Dy} f(x)dw(x)

St
1
> = /min{ql(r —s):re D, }fi(det ql)1/2ds
Wd—1 v ((d+1)/(d—1) (d+1)/2(d=1) ¢~
z —a |5l (det q:) fi R2@0



Now, using (2.12), (2.7), (2.9), (2.16), (2.6), (2.9), (2.15), (2.7), (2.2) and (2.7) again, we
see that for all sufficiently large n,

inf{/min{vM(v,93)2 v € D}f(z)dw(z): D C M, #D <n}
l/min{VM(v r)? v € D} f(z)dw(x)
> < Z/mm{w 0,2)% 0 € Dy} f(2)du(x)

l,i S

d1vd 1 Z’S/ d+1)/d 1) (detq)(d+1)/2(d Ufz 1

12/(@D)

nli

divd 1 - 1/2 £(d—1)/(d+1) 1 (d+1)/(d—1)
= =5 2 (ISil(deta)' gy )

. 1 1
> ' |(det 1/2 (d=1)/(d+1) kn ; (d+1)/(d—1)
= N\ ( El 2: ‘ lz|( etq ) fl ki li ) (knll 4+t knmim)2/(d_1)

led d— (d 1
=z 1 Z|]z detQ)I/Qf( b/ +1))(d+1)/(d l)nz/(d—l)

led L Z/ FEAD/ED (g )1 /2s) @D/ 1

n2/(d-1)

led L )(d=D/(@+1) (@+/@-1__ 1
Z o Z/f duo())' 2/@=T)

divy_ 1 d71)/ (d+1) (d+1)/(d—1) 1
= S ) o) T

concluding the proof of (2.8).

4. Finally, the corresponding upper estimate will be proved.

(2.17) For all sufficiently large n, the following inequality holds:

inf{/ min{7yy (v, 2)*: v € D} f(x)dw(x) : D C M,#D < n}

1
n2/d=1)°

< )\14divd1(/ f(x)(dfl)/(dJrl)dw(x))(dJrl)/(dfl)

J

For each I = 1,...,m, choose in "' a facet-to-facet tiling with closed squares in the
sense of the norm ql1 / 2, each having area

S 1] (det qu) /2 £/

I
(2.18) (det ql)l/zfl(d—l)/(dﬂ) @

10



where o > 0 is chosen such that the following relations hold: let 7},,7 = 1,...,4;, be the
squares in E*! that meet I}, then

(219) I, C T, U---UT,

1, C U

(2.20) || < alTn| < Al

Clearly,

(2.21) T;; = h; '(T};) C M is Jordan measurable.

We now show that
(2.22) for ig =iy + - - + iy, the inequality
d-1)/(d
5 |1 (dlet gp) /2 £/

Z_O <A\ l
i = |1 (det ) /2 £ DD

holds.

For the proof take the right hand side inequality in (2.20), multiply both sides by

(det )2 f "D/ Singert the value for |T}| from (2.18) and sum over I. This gives

ipor < X or a < \/ip. Now consider the left hand side inequality in (2.20), insert the value

(2.18) for |T};|, rearrange and note that a < A/ig. The proof of (2.22) is now complete.
Let ko be so large that the conclusion of (2.5) holds for all k£ > kg. Then

(2.23) for each k > kg there is a set Ey; C T); with #FEy; < k and

/min{ql(r —8):r € Epy,tfi(det ql)1/2ds
T;

. _ _ 1
< /\dlvd_llTl’i|(d+1)/(d U(det ql)(d+1)/2(d l)fl

j2/@1)

For the proof of (2.17) we first consider the case n = igk, k > ko where ig = i1+- - ++ip,.
Let
By = B
Li

Clearly, #E, < igk = n. This combined with (2.7), (2.19), (2.21), (2.2), (2.7), (2.23),
(2.20), (2.22), (2.7), (2.2) and (2.7) then shows that

(2.24) inf{/ min{ya(v,7)*: v € D} f(x)dw(z) : D C M,#D < n}

11



< /min{fyM(v 2)? v € By} f(2)dw(x)

< Z/mln{yM v,2) v € By} f (z)dw(z)

IR} Ty

<Ny / min{q(r — s) : 1 € Eyy;} fi(det q))'*ds

L T,

l,i

= Mdivy 4 Z(izli}’1|)(d“)/(d‘1)(det g)@D/2@-D) g
I

73 /1(d+1)/(d—1) (d+1)/2(d=1) ¢ (0voya-1y L
< Ndivgy Y _|1]] (det 1) i) (ol BT

l
S /\gdin_l Z |Il/|(d+1)/(d_l) (det ql)(d—i-l)/Q(d—l)fl %
l

1
12/(d-1)

1
(1) 2/ (@)

d-1)/(d+1 —
(32 Hil(det /2Dy

(1|(det q)1/2 (4= D/EF0y2/@a-1) - (igh)?/ (=D

9 /| 1/2 p(d=1)/(d+1)y(d+1)/(d—1) 1
=\ led 1 Z ’Il detQ) f ) (Zok)Q/(d_l)

1
— Adivy /fld 1)/(d+1) (detq)l/zds) (d+1)/(d—1) R

1
13 d 1 d+1 d+1)/(d—1
< A3divg_y El /f VD ey ()@ )W
I

1
_ 13 3; (d—l)/(d+1) (d+1)/d-1)___ =~
= A"divg_4( /f T dw()) REE

This concludes the proof of (2.17) for n of the form k.
For general n we argue as follows: let k; > ko be so large that

k+1
(2.25) (%)WU < \for all k > k.

Now, let n > igk; and choose k > ki with igk < n < ig(k + 1). Then we obtain from
(2.24) and (2.25) that

inf{/ min{vyy (v, 7)* : v € D} f(x)dw(x) : D C M, #D < n}

< inf{/min{fw(v,91:)2 cv € DY f(z)dw(x) : D C M, #D < ik}

1
n2/d-1)’

J
< /\13+1divd_1</ f(x)(d_l)/(d+1)dw(x))(d+1)/(d_1)

12



concluding the proof of (2.17) for general n.

5. Since A > 1 was arbitrary, Lemma 1 is an immediate consequence of propositions (2.8)
and (2.17).

2.3 The proof of the following result is left to the reader.

Lemma 2. Let J C M be Jordan measurable and let p > 1. Then there is a constant
7 > 0 such that

1
;rﬁd,lgd’l < w(D(x,0)) < prg_10"" forallz € J and 0 < o < 7.

2.4 The definition of dispersion in 1.3 may easily be generalized to any compact metric
space and thus in particular to the closure of a Jordan measurable set in M endowed with
the geodesic metric 7). Essentially the same proof as for Lemma 2 in [9] then yields the
next proposition.

Lemma 3. Let J C M be Jordan measurable. Then there are constants a,d > 0 such
that the following hold:

(i) For any sequence x1,--- € clJ with d,(x;) = d,(clJ, v, 25) — 0 as n — oo,
a
dn(l'j> > m

for all sufficiently large n.

(ii) There is an explicitly specifiable sequence yi,--- € clJ such that

5
dn(yy) < —7y Jorn=1,2,...

3. Proof of Theorem 1

We prove only (1.4). Let A > 1.

3.1 Let bd C' be endowed with the second fundamental form and let 7o and w be the
corresponding geodesic metric and surface area measure, respectively; see 2.1.

w and the ordinary surface area measure o (which corresponds to the first fundamental
form) are related by the Radon—Nikodym derivative

dw 1/2

Now we refer to the outline of the proof of Theorem 3 in [9]. Corresponding to A
there are open neighbourhoods U;,l = 1,...,m, in bd C' which cover bd C. Since bd C'
is compact, Lebesgue’s theorem shows that there is a 9 > 0 such that for any v € bdC
the geodesic disc with center v and radius § is contained in one of the neighbourhoods U;.
Thus proposition (5.1) in [9] shows the following:

13



2 5 2
(3.2) % < dist(v, Ho(x)) < M

Here dist means the ordinary distance of sets in JE°.

for v,z € bd C with ¢ (v, z) < 4.

3.2 Let P, € P! be best approximating polytopes of C' with respect to §". Then we have

/ min{dist(v, Ho(z)) : v € vert P, }ke(x)do(z).
bd C

sV, P =8"(C, P, = P
d

Clearly, 6" (C, P,) — 0 as n — oo and since C' is strictly convex, the following holds for
all sufficiently large n: for any x € bdC there is a v € vertP, with v¢(v,z) < § and
dist(v, Ho(x)) = min{dist(w, Ho(z)) : w € vertP,}. Combined with (3.2) this shows that

(3.3) for all sufficiently large n we obtain

s (C, P
1
> I 2
> Ydn, / min{yc(v, )" : v € vertP, }re(x)do(z)
, »c
> )\5d ——— inf{ / min{yc(v,z)* : v € D}ke(z)do(x) : D C bdC,#D < n}.
Kd
bdC

Since 6" (C,P.) = §"(C,P,) — 0, also the last expression in (3.3) tends to 0 as
n — oo. Noting that k¢ > 0 we thus obtain the following: let D,, C bd C' with #D,, <n
be chosen such that the infimum in this expression is attained for D = D, then for
all sufficiently large n we have the following: for any x € bd C there is a v € D,, with
vo(v,x) < 6. Hence (3.2) implies that

(3.4) for all sufficiently large n we have:

d—mf{/ min{re(v,2)2 : v € DYsc(z)do(x) : D C bdC, 4D < n}
bd C

/ min{dist(v, Ho(x)) : v € vert conv D, }k¢o(z)do(z)

bdC

- d/id

> sV (O, PL).
3.3 Combining (3.3), (3.4), (3.1), Lemma 1 and again (3.1) we obtain the following:
(3.5) for all sufficiently large n holds:
M(C,Py)
1
} X %inf{/ min{yc(v, ) : v € D}ke(z)do(x) : D C bdC,#D < n}
bd C
1

divg_y )(d=1)/2(d+) (d+1)/(d—1)
} (/ Ko( dw(z)) 2/(d=1)
bdC .

divg_y _
} % (/ Ko :L‘)d/ (d+1) dO‘( ))(d—i—l)/(d 1)m‘
bdC

IV INA

I —
—— IV IA
2>

=g Y—— ——
—N
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Since A > 1 was arbitrary, this implies the asymptotic formula (1.4).

4. Proof of Theorem 2

The proofs for the cases conv{zy,...,z,} and H}(x1) N---N H} (x,) are similar; hence
only the former will be considered.

4.1 Let bd C' be endowed with the geodesic metric 7o and the measure w determined by
the second fundamental form. Let A\ = 2/5. Then there is a § > 0 such that

FVC('Uv x)Q

(4.1) .

< dist(v, Ho(7)) < ve(v,z)? for v,2 € bd C with vo(v,2) < 6,

see (3.2).
Let z;,--- € bd C be a sequence with d,,(z;) = d,(bd C,v¢, ;) — 0 as n — oo. The
definition of d,,(x;) then shows that

(4.2) for all sufficiently large n, for any x € bdC there is an z; with £ < n and
Yo (zg, ) < 6 and dist(zg, Ho(z)) = min{dist(z;, Ho(x)) : j < n}.

4.2 By (4.2), (4.1) and the definition of d,(z;),

(4.3) for all sufficiently large n we have
SV (C,convi{xy, ..., x,})
2
_ 2 / min{dist(z, Ho () : k < n}rc(z)do(z)

d/ﬁd

9 bdC
< T / min{ye(zx, 2)? : k < nyre(r)do(z)

dedC 9
< — N2 — 2 32
<o [ rele)dota) duwp = o [ dole) duay

bd C gi-1

= an(a:j)Q

Given n, let o € bd C be chosen such that d,(z;) = min{vyc(x, xx) : & < n}. Then
clearly,

(4.4) min{y(zg, x) : k <n} > d,(x;) — vo(zo, z) for each x € D(xo, d,(x;)).

Propositions (4.2), (4.1), (4.4), (3.1), the assumption that d,(x;) — 0 as n — oo, and
Lemma 2, where u = 2, together imply the next statement:

(4.5)  for all sufficiently large n we have the following

15



SW(C, conv{zy,...,z,})

2
-2 / min{dist(z, Ho(x)) : k < n}rc(x)do()
K,
1dde
> — / min{yo(xy, 2)? : k < n}re(z)do(x)
2dl€d
1 bd C 1
> — ))2
2o [ Ghe)Pre@do
D(xo,%dn(zj))
1 1/2 N2
—se | we@dut@) ity

D(z0,2dn(z;))

I
> %mm{/ﬁc(m)l/z cx € bdC}

Kd-1 (dn(%’)

d—1 2

= 2;1‘?;;’% min{rc(x)"? : x € bd C}yd,(v;)*H.
d

Propositions (4.3) and (4.5) immediately give (1.9).
4.3 Clearly, (ii) follows from Lemma 3.

4.4 To conclude the proof of (i) we have to show that the exponents 2 and d + 1 in (1.9)
are best possible.

If 2 were not best possible then there were constants € > 0 and p > 2 such that for
the sequence yi,--- € bd C' from (ii),

M(C,P,) < 0W(C conv{yy, ... yn})

< edu(y)” < o

for all sufficiently large n, in contradiction to Theorem 1.

For the proof that d + 1 is best possible consider a sequence o1, 02,--- \, 0 and let
xo € bd C'. Next, choose a sequence x1,--- € bd C and a sequence of indices ny < ns < ...
for which the following hold:

(4.6) dy(z;) — 0 as n — oo,
(4.7)  x1,...,2,, € (bdC)\D(zo, 0;) and thus d,,(z;) > g; for i =1,2,...,
(4.8) / min{yc(z, 2)? : k < n;tre(z)do(x)
bdC
<2 / min{yc(zg, 2)? : k < nire(z)do(z).
D(z0,0i)

Then (4.6), (4.1), (4.8), (4.7), the definition of d,,(x;), (3.1), (4.6) and Lemma 2 together
show that
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for all sufficiently large n; the following hold:
SW(C,conv{zy, ..., })
2
= — / min{dist(xy, Ho(x)) : k < n;}re(r)do(z)

dK,d
bd C
< din min{yc(:pk,:p)Q k< nitre(x)do(x)
bd C
< di%d / min{yc (zy, ©)* : k < nitre(r)do()
D(z0,0:)
< di/gd ke (x)Pdw(z)dy, ()
D(z0,dn; (x5))
< d% max{ro(2)"/? : @ € bd Chra-i(2dn, (2,))" du,(2;)”
— Tl—;l—:j_l max{/‘ic(l’)l/z 2 € bd Cldy, (xj)dﬂ'

5. Proof of Theorem 3

We consider only the case of inscribed best approximating polytopes P, € P..

5.1 Let bd C be endowed with the geodesic metric v and the measure w determined by

the second fundamental form.
Let a Jordan measurable set J C bd C be given. Define

a4 — (/ ko (@)Y do () YdHD/E-D g — / ko (@)Y @D g () ) @D/ @),

J (bd C)\J

Forn=d+1,...,let
kn, = #(J NvertP,).

We have to show that

ad=1)/(d+1)
q@=1)/(d+1) f pld—1)/(d+1)

kn
(5.1) — —s5= as n — oo.
n

5.2 Suppose that (5.1) does not hold. Then there is a subsequence n; < ny < ...

1,2,..., such that
(5.2) n_n — t;, say, as i — 00, where s; # t.
(]

An elementary calculation shows that
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b b
(5.3)  min 2/(a 0 + 2/(d-1) 2/(62_1) + 2/(d—1)
se0,1] $ (1-3s) s (1—ss)

_ (a(d—l)/(d-i-l) + b(d—l)/(d+l))(d+l)/(d—l) _ (/ dec/(dJrl)dU)(d—i-l)/(d—l)

bdC
a b

+ .
2@ T (1= £5)2@D

Thus we may choose compact Jordan measurable sets A C intJ and B C int(bd C\J)
such that for

o - (/ /D) g @D/ g </ 3/ (@D g y @)/ (d-1)

A B

<

we still have,
a b a’ v

+ < + .
B R R N D I C R B RICE

(5.4)

(int stands for interior with respect to bd C'.)
The sets vertP, are arbitrarily densely distributed on bd C' if n is sufficiently large.
Since A C intJ, B C int(bd C\J) and A, B are compact, this shows that

(5.5) for all sufficiently large n
min{vc (v, z)? : vE€vert P, } = min{yc(v,z)? : veJ NvertP,} for all z€ A,
min{yc (v, z)? : vevertP, } = min{yc(v,z)? : ve (bd C\J) NvertP,} for all x € B.
Now, combining the fact that in 3.3 A > 1 was arbitrary, and propositions (3.5), (5.5),
Lemma 1, (5.2), (5.4), and (5.3), we obtain the following:

( / RO/HD g Y@D/A1) _ iy {(-9R 5w (o0 p )21y

bdC

= lim {(dl / min{yc(v, ) : v € vertP, }kedo)n? @1}
n—oodivy_
e
> lim inf{( . (/ min{yc(v,z)? : v € J N vertP, }kodo
n—oo Va—
/mm{’yo v,2)% v € (bdC\J) Nvert P, Yredo))n @1}
> hmmf{( iF mf{/mm{’yc(v 2)?:v € Da}kodo : Da CbdC,#Da < ky,}
i—00 Vi—1

+ inf{ / min{vyc(v, )% : v € Dpthedo : D C bdC, #Dp < ny — ko, }n2/ "1}

B
4/(d+1) 5 \(d+1)/d-1) 1 A/(d+1) 3 Nde)/d-1) L a1/
> {(/ Ko da) tg/(dfl) + (/ Ko dU) (1 ¢ )2/(d—1)}
o J
a y B )
_ a a o d/(d+1) (d+1)/(d—1)
= + > + = (/ K do ) :
(/=D (1 — 1)/ 7 2= (1 — )2/ c

bdC
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Contradiction.

This concludes the proof of (5.1) and the proof of Theorem 3 is complete.
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