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Abstract

We study asymptotic properties of the approximation of a sufficiently smooth
convex body K in R¢ by the convex hulls of n points in the boundary of K, for
n — oco0. The deviation is measured by the Hausdorff distance. The asymptotic
distribution of the vertices of best-approximating polytopes is determined. Fur-
ther results involve prescribed densities for the vertices and describe the strength
of approximation by either deterministic or random polytopes.

1 Introduction and statement of results

In a well-known paper of 1975, McClure and Vitale [11] studied the approximation of
sufficiently smooth convex curves in the plane by inscribed or circumscribed polygons
with n vertices, for n — oo. With respect to different measures of deviation, they
obtained sharp estimates of the order of convergence of best approximations, asymp-
totic characterizations of best approximations, and methods for the construction of
asymptotically efficient approximations. It is a challenge to extend their results to
higher dimensions, where different methods are required. A few of the results of [11]
have been generalized in this way. We refer to Gruber [7] for a recent survey over
approximation problems for convex bodies. In the present paper, we continue the line
of research begun by McClure and Vitale [11] and extend two more of their theorems
to sufficiently smooth convex bodies in d-dimensional space. Also a related result from
[16] on random approximation will be generalized in a similar way. We restrict our
considerations to approximation by inscribed polytopes and to measuring the devia-
tion in terms of the Hausdorff metric; some hints to further possibilities will be given
in Section 5.

By K¢ we denote the set of convex bodies (non-empty, compact, convex subsets)
in d-dimensional Euclidean space R? (d > 2). Here R? is equipped with the standard
scalar product and induced norm, and K% carries the Hausdorff metric, denoted by
9. (For notions and results from the theory of convex bodies that are used without
explanation, we refer to [17].) A convex body K € K? is said to be of class C¥,
where k > 2, if K has interior points and its boundary, denoted by bd K, is a regular
hypersurface of differentiability class C* with everywhere positive curvatures. The
Gauss-Kronecker curvature of K at z € bd K is denoted by kx(x). For K € K% and
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n € N, we denote by P, (K) the set of convex polytopes contained in K and having at
most n vertices. There exists a polytope P, not unique in general, for which

§(K,P?) = inf{§(K, P) : P € Py(K)}.

We assume, without loss of generality, that P’ has all its vertices on the boundary
of K. In the following, the constants x; and v are, respectively, the volume of the
k-dimensional unit ball and the minimum density of coverings of R* by unit balls. By
o we denote the Euclidean surface area measure on bd K.

We first recall an older result.

Theorem 1. If K € K% is a convez body of class C?2, then
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Theorem 1 was proved in [13] for bodies of class C? and was obtained by Gruber
5] under the C% assumption. It extends a result of L. Fejes Téth [3] and Theorem 5(i)
of McClure and Vitale [11] from two to d dimensions.

Theorem 1 describes the asymptotic order of approximation by the best-approx-
imating polytopes Py. While there is little hope to characterize the polytopes P;
individually, the asymptotic distribution of their vertices can be described precisely.
This is done in the next theorem, which extends Theorem 6(i) of McClure and Vitale
[11]. For its formulation, it is convenient to use some terminology from the theory of
uniform distribution of sequences. In particular, we combine the notions of uniform
distribution of double sequences (see Hlawka [8], p. 57) and of uniform distribution with
respect to a finite measure (Kuipers and Niederreiter [10], Chapter 3) in a suitable way.
Let (S,,)nen be a sequence of finite subsets of bd K with card S,, — oo for n — oo, and
let h: bd K — RT be a positive continuous function on bd K. The sequence (S,,)nen
is called uniformly distributed with density h if

card (AN S,) /A hdo

im =
n—oo  card S, / hdo
bd K

for all Borel sets A C bd K with 0(0A) = 0, where 0 denotes the boundary relative to
bd K. By vert P we denote the set of vertices of the polytope P.

Theorem 2. Let K € K% be a convex body of class C%. Then the sequence (vert P )nen
1s uniformly distributed with density /K.

McClure and Vitale [11] also described methods for constructing asymptotically
best-approximating sequences of inscribed polygons. The idea of their so-called “den-
sity approach” is to select n points on the convex curve bd K in such a way that they are



“equally spaced” with respect to a given density, and to see afterwards which density
gives the best result. More precisely, let K € K? be of class C%, and let h: bd K — R*
be a continuous function such that fbdK hdo = 1. For n € N, choose points z1,...,x,
cyclically in bd K (x,,41 := x1) such that the arc A; with endpoints z; and z;;; satisfies

1
/hda:—
n

Aj

for j = 1,...,n. Let Q, := conv{xy,...,z,}. Then Theorem 7(i) of McClure and
Vitale [11] implies that

1 1
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for n — co. The choice h(x) = \/kK(x)/ [, 4 VFK do yields a sequence of asymptot-
ically best-approximating polygons.

In higher dimensions, the meaning of “equally spaced” is not so clear, and we
cannot hope for a comparatively simple procedure to obtain the vertices of a sequence
of asymptotically well approximating polytopes. Nevertheless, the methods used in [13]
and [5] lead to an exact analogue of the result of McClure and Vitale in R?, although
of a less constructive nature. Let ¢, be the (positive definite) second fundamental form
of the hypersurface bd K at the point z € bd K. We endow bd K with the Riemannian
metric defined by ¢, and denote by B(x,r) the closed geodesic ball in bd K with centre
x and radius r > 0. A covering {B(xy,r),..., B(x,,7)} of bd K by n geodesic balls of
equal radii is called minimal if there is no such covering with balls of smaller radius. If
we choose a minimal covering for each n (they clearly exist) and let @,, be the convex
hull of the centres of the corresponding balls, then (Q,).en is a best-approximating

sequence, that is
O(K,@Qn) ~ 0(K, F) (2)

for n — oo. This was proved in [13] (for bodies of class C?) and [5]. Suppose now
that a density is prescribed on bd K. If we work with Riemannian metrics suitably
conformal to the one above, we obtain a sequence of finite sets in bd K that is uniformly
distributed with the given density, and we can give sharp estimates for the strength of
approximation by the generated polytopes.

Let K € K% be of class C?%, and let h : bd K — R* be a continuous function with

Joaxe vdo = 1. Define
h(:L')Q )1/(d—1)
x) = 3
)= (2 )
and let Ry be the Riemannian metric on bd K which at z € bd K is given by the
quadratic form f(z)g,.

Theorem 3. Forn € N, let {By(x1,7),...,Bf(xn,7)} be a minimal covering of bd K
by n Rg-geodesic balls, and let (), == conv {xy,...,x,}. Then (vert Qp)nen is uniformly
distributed with density h, and

1[0 KK (x) 2y 1
d—1 K
O(K,Qn) ~ 3 </fd—1 max ) ) 3@ (4)
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forn — .

Remark 1. If d = 2 and {Bf(x1,7),...,Bf(x,,7)} is a minimal covering of bd K by
n Rs-geodesic balls, then these balls do not overlap and each of them has the same
Rj-volume. The volume measure induced by Ry has density \/frx = h with respect
to Euclidean arc length measure, hence the arc A; with endpoints z; and x;;, satisfies
i) Y hdo = 1/n for j = 1,...,n. Therefore, our construction can be viewed as an
extension of the “density approach” followed by McClure and Vitale.

Remark 2. The coefficient on the right-hand side of (4) attains its smallest value if
and only if we choose h(z) = \/kk (%)/ [, 45 /FK do. In this case, we obtain (2) again.

Our final result concerns approximation by inscribed random polytopes. We as-
sume that there is given a probability distribution p on bd K which has a continuous
density h : bd K — R" with respect to the surface area measure . Let (X, ),en be
a sequence of independent, identically distributed random points on bd K with dis-
tribution p. For d = 2, it was proved by Schneider [16] that the random polygons
P, = conv{Xy,..., X, } satisfy

1 ki ()
0K, Fo) ~ 5 I Ty (

logn

2
) almost surely. (5)
n

In higher dimensions, we have an analogous result, but only under stronger differen-
tiability assumptions and with almost sure convergence replaced by stochastic conver-
gence.

Theorem 4. Let K € K% be a convex body of class C2 and let h : bd K — R* be
of class C' and satisfying fbthda = 1. Let (X,)nen be a sequence of independent
random points in bd K, each with probability density h with respect to the surface area
measure o. If P, := conv{Xy,..., X, }, then

2/(d—1) 2/(d-1)
1 1
P— lim [ — S(K,P) = = maxe V() ,
n—oo \ logn 2 \ kg1 zebdK  h(x)

where P — lim denotes stochastic convergence.

2 Proof of Theorem 2

For the proof of Theorem 2, we need a local version of a part of Theorem 1. We assume
that a convex body K of class C% and a sequence (P;),en of best-approximating
polytopes are given. Define

w(A) = //i}(ﬂ do
A

for all Borel sets A C bd K, and

1 Ya
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A subset A C bd K will be called Jordan measurable if it is a Borel set and o(0A) = 0.

Lemma 1. If A C bd K s a Jordan measurable set, then
lim inf card (A N vert PX)6(K, PH)4"D/2 > cyp(A). (6)

n—od

Proof. As in [13] and [5], we endow bd K with the Riemannian metric defined by
the second fundamental form. In the following, geodesic balls in bd K are understood
with respect to the corresponding geodesic distance. The induced Riemannian volume
measure is equal to .

Let k € N. Since A is Jordan measurable, its boundary 0A can be covered by
finitely many open geodesic balls By, ..., Byy) with total Riemannian volume at most
1/k. The sets

p(k)
Ap = A\ JB;, keN,
i=1
are Jordan measurable and satisfy limy_., p(Ax) = ¢(A).
We write
card (A Nvert Pr) =: my, (K, Py) =: 0p.

PROPOSITION. Let A > 1 be given. For all sufficiently small p > 0, the following holds.
If §,, < p?/2, then the closed geodesic balls of radius pA*? and centres in A N vert P
cover Aj.

This is a modification of assertion (5.3)(i) in Gruber [5] and can be proved as
indicated there. Instead of the whole boundary of K, one has to consider the Jordan
measurable set A,. Moreover, the following has to be taken into account. For x € A, let
u, be the outer unit normal vector of K at = and let H~ (K, u,) D K be the supporting
halfspace of K at x. Since Ay is a compact subset of the interior of A and since bd K
has positive curvature, there exists a number 7 > 0 such that

bd K\[H ™ (K,u;) — Tu,] C A for all x € Ag.
Hence, for all sufficiently large n, the following holds: if x € A, and
y € vert P\int [H™ (K, u;) — 0puy),

then y € A. Apart from these modifications, all the arguments of Gruber [5] to prove
(5.3)(i) go through without change and result in a proof of the proposition.

For p > 0 let n(p) be the minimum number of closed geodesic balls of radius p
covering Ag. It follows from Lemma 1 of Gruber [5] that

lim n(p)p" = L1 oAy, (7)

p—0 Rd—1

If we let p, = v/26,, and choose n sufficiently large, then the proposition shows that
n(ppA>/?) < m,,. From (7) we therefore deduce that

lim inf m,,6¢"1/2 > )\_5(d_1)/20d<,0(Ak).

. n
1— 00



Letting A — 1 and then k£ — oo, we obtain the assertion (6). |

Now we are in a position to prove Theorem 2. Let A C bd K be a Jordan measurable
set. We set
Vn(A) := n"'card(A N vert P¥)

and assert that
lim sup v, (4) < p(4) /p(bd K). (®)

n—oo

Suppose this were false. Then there exists a subsequence (v,,(A));en such that

lim v, (A) > @(A)/p(bd K). (9)
By Theorem 1,
lim nd(K, P*)4 12 = ¢;0(bd K). (10)

JFrom (9) and (10) we get
lim n;vy, (A)o(K, P;;)(d_lw

1—00

= (Jim v, (4)) (lim mis(5, 7))

> CdQO(A).
Let A¢:=bd K\ A. Since v,(A) 4+ v,,(A°) = 1, we obtain
lim card (A° N vert P )6(K, P;fi)(d_l)/2 < cap(A°).

1—00

This contradicts Lemma 1. Thus (8) is proved.
JFrom (8), applied to A¢, we obtain

liminf v, (A) = liminf [1 — v, (A°)]

. p(A%) p(4)
— 11 (A9 >1— _ .
msupva(A9) 2 1= 25 975 = Shd )
Together with (8), this proves Theorem 2. |

3 Proof of Theorem 3

Let g : bd K — R* be a continuous function, and consider bd K as a Riemannian
manifold, where the Riemannian metric at * € bd K is given by g(z)g,. (As in the
introduction, ¢, denotes the second fundamental form at z.) By B,(z, ) we denote the
closed geodesic ball with centre z and radius r that corresponds to this Riemannian
metric. If ¢ = 1, we denote this ball simply by B(z,r). For n € N define py(n)
as the smallest number » > 0 such that there are points xy,...,z, € bd K with
bd K = J;_, By(z;,7). Lemma 1 of Gruber [5] implies that

Y
i mp,(n) 1 = P [ gL (11)
_bdK



Another result of Gruber that we shall need in this and the next section is the
following lemma.

Lemma 2. For every A\ > 1 there is a number ro > 0 such that for all r € (0,r¢) the
following implications hold:

" 1
bd K = UB(ZBi,T) =  O0(K,conv{zy,...,z,}) < 5)\7“2,
i=1
1

bd K # UB(:&,T) =  §(K,conv{xy,...,z,}) > 5702'
i=1

This lemma is a reformulation of results obtained by Gruber [5] in the course of the
proof of his Theorem 3.

Now let h : bd K — R* be a continuous function with fb 4x ndo =1, define f by
(3), and set

°= i @)

Let A > 1 be given. Let U,V be nonempty open subsets of bd K such that f(z) < A\«
for € U and clV C U. For n € N, choose points z7,...,2' € bd K such that
bd K = J;_, Bf(a}, ps(n)). We assert that

V¢ U By(a}, ps(n)/VA) (12)

for all sufficiently large n.

For the proof, let ) # W C bd K be an open set with clW C V. Choose a
continuous function g : bd K — R with f < g < Af, g(x) > f(z) for all z € W and
g(z) = f(z) for x ¢ W. We have Bf(z,r/vA) C B,(z,r) for all 2 € bd K and all
r > 0. Since pg(n) — 0 for n — oo, for all sufficiently large n € N the ball By(x;, pr(n))
is contained in V' if it meets W.

Suppose now that (12) were false. Then the balls By(z?, ps(n)) (i =1,...,n) form
a covering of bd K for infinitely many n € N. For these n we have p,(n) < ps(n). The
asymptotic relation (11) together with f < g on W yields

lim np,(n)! < lim np;(n)** < lim np,(n)*".

This contradiction proves (12).
Since f(x) < Aa for all z € U, we have
B(x,r) C Bf(z,VAar) (13)

for all x € bd K and all r > 0 with B(z,r) C U. For all sufficiently large n € N the
ball B(z?, ps(n)/Ay/a) is contained in U if it meets V. Therefore it follows from (12)
and (13) that

bd K # | B (a7, ps(n)/MWa) |

=1



if n is sufficiently large. Hence for @, := conv {z7,..., 27} we see from Lemma 2 that

1
2ae\3

0(K,Qn) = pr(n)?

for all sufficiently large n.

On the other hand, we have By(z,r) C B(x,r/\/a) because of f > «. Thus the
balls B(z!, ps(n)/v/a) (i = 1,...,n) form a covering of bd K, and for all sufficiently
large n we get

A
5K, Qu) < £ ps(n)

by Lemma 2. Since A > 1 was arbitrary, we deduce that

. 0(K,Qy) 1
lm ———— = —.
n—oo pp(n)? 2a

¢From (11) and the definition (3) of f we get the assertion (4) of Theorem 3.

The proof of the fact that (vert @Q,)nen is uniformly distributed with density h is
similar to the proof of Theorem 2, but simpler. One has to replace ¢ by the measure

or(A) ::/f(d_l)/zfé;%zdaz/hda;
A

A

and the role of Theorem 1 and Lemma 1 in the proof of Theorem 2 is played by Gruber’s
relation (11). |

4 Proof of Theorem 4

The proof of Theorem 4 relies heavily on the following result of Janson [9] (Theorem
1.2 and Remark 4).

Lemma 3. Let M be a (d — 1)-dimensional Riemannian manifold of class C? with
Riemannian metric of class C*. Let the volume measure be denoted by . Let V C M
be Jordan measurable and let U C M be an open set with clV C U such that 0 <
p(V) < u(U) < oo. Let (Xy)nen be a sequence of independent, identically distributed
random points in U with distribution (u|U)/p(U). Forr > 0 set

N, :=min{n e N: V C UB(XuT)}>

=1

where B(x,r) is the closed geodesic ball with respect to the given metric. Then for
xr € R we have
Kg_qrd! (V)

limP |———N, —1
w00 | ) %8 et

% -
—(d—l)loglong)l—logch =e°
Rq—1T""

where the constant ¢ can be obtained from [9], formula (9.24).
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As a corollary we get the following lemma.

Lemma 4. With the above notation and with

D, :=min{r >0 : V C UB(X,-,T)}

=1

we have

Proof. For given n € N and x € R there is a unique number a,,, € (0, N (V) Ka- >
satisfying the equation

wU) n(V) w(V)
n= P <log Farad] + (d — 1) loglog ra‘;{;l +loge+x | .

Now obviously Lemma 3 implies

lim P[D, < a,.]=¢*¢"

Let ¢ > 0 and x € R. Since a,, is increasing in z, it is easy to see that
for all b € RT there is a number ny € N such that for all n > ng we have
(1 +€)ans > angtp. This yields lim, o P[D, < (1+¢)a,,] = 1. Analogously we
get lim,, .o P[D, > (1 —¢)a, ] = 1. An easy computation yields

a1l — M(U)

Rd—1

lim ——
n—oo logn

and the assertion follows. [ |

Proof of Theorem 4. Let K be a convex body of class C?, let the density function h be
of class C'! and let the function f : bd K — RT be given by (3). The volume measure
on bd K with respect to the Riemannian metric f(x)q, (x € bd K) is the distribution
of the random points X;. The metric is of class C'. As in the proof of Theorem 3, let
A > 1, = mingepqk f(x), let O # U C bd K be open so that f(x) < Aa for x € U.
Let V' C U be a compact, Jordan measurable set with p (V) > 0. Define the random
variable
M, =card{i e N: i <n, X; € U}.

According to the strong law of large numbers we have

M,
lim — = p(U) almost surely. (14)

n—oo n

Let i1 € N be the smallest number with X; € U, and for n > 1 let ¢,41 € N be
minimal with 4,,1 >4, + 1 and X; ., € U. Almost surely i, is defined for all n € N,

n+1



and (X, )nen is a sequence of i.i.d. points in U with distribution (u|U)/u(U). Define

D, := min{r>0:bdK = UBf(Xivr)}7

=1

D, = min{r>0:VcC UBf(Xij,r)}.

7=1

JFrom Lemma 4 it follows that

and with (15) we get lim, o P[D,/A < Dy;,] = 1. This yields

lim P

n—oo

ve Bf(Xi,Dn//\)] =1.

i<n, X;€U

A similar consideration as in the proof of Theorem 3 gives

lim P

n—oo

bd K # OB <Xi,Dn/\/E>] —1,

and an application of Lemma 2 shows

2
lim P {5(1{, p) > Dn }

n—o0 2\
Analogously we get

lim P [5(K,Pn) < )\—} =1
n—oo a
and therefore
(K, P,) 1

PR T

Because of (15) this implies the desired result.
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5 Similar results

Approximation of convex bodies of class C% by circumscribed polytopes with n facets
can be treated in a similar way. A counterpart to Theorem 1 was obtained in Schneider
[15]. Combining the methods of [15], [5] and the present paper, further results of this
nature can be proved. For example, if x1,...,x, are as in Theorem 3, we define
Q) =iz H; , where H; is the supporting halfspace of K at z;. If n is sufficiently
large, @, is bounded, and the limit of n?/@=D5 (K, Q(n)) is the same as in Theorem
3. In a similar way, one can prove counterparts to Theorems 2 and 4.

For the Banach-Mazur notion of distance, for which approximation was investigated
by Gruber [5], an analogue to Theorem 2 can be obtained along similar lines.

For approximation in the sense of the distance notion introduced in Schneider [14],
corresponding procedures are possible. For a convex body K and a d-dimensional
polytope P C K, the distance §4(K, P) is the maximal volume of a cap K N H¥,
where H* is a closed halfspace that is determined by a facet of P and does not contain
the interior of P. Best approximation in the sense of 6 was investigated in [14]; further
results concerning §* in the plane are found in Miiller [12].

We now briefly describe a construction of well-approximating polytopes with a given
number of facets, with respect to this distance 6 and a prescribed density. Let K be
a convex body and h a function, satisfying the assumptions of Theorem 3. Define

fa:bd K — R* by
h(:L’)2 1/(d-1)
)

o) = (s
Let r, be the first fundamental form of equiaffine differential geometry of bd K at
the point z € bd K (see, e.g., Blaschke [2] for a definition) and endow bd K with
the Riemannian metric fa(z)r,. The corresponding volume measure has density h
with respect to the (Euclidean) surface area measure. Let now By (z,7) be the closed
geodesic ball with respect to this metric (x € bd K, r > 0), and let py : N — R*
be defined analogously as in the proof of Theorem 3. For n € N consider points
af, ...,z € bd K with bd K = |J;_, Ba(a?, pa(n)). Let H; and u; be the supporting
halfspace and the outer unit normal vector of K at z], respectively. Let 7; be the
smallest positive number such that Ba(z;, pa(n)) Nint (H; — n;u;) = 0, and set

)

(17)

P, = ﬂ(Hi_ — M) -

=1

If n is sufficiently large, ]Sn is a d-dimensional polytope with at most n facets, which
is contained in K since the geodesic balls cover bd K. In analogy to equation (4) of
Theorem 3, one then obtains the asymptotic relation

max

Kq_1 zebdK  h(x)

1/(d+1)\ (d+1)/(d—1)
lim @/ 5 B = C/;i_ll (ﬁd_1 K (x)( )) |

In order to state a result corresponding to Theorem 4 for the distance notion §4,
we consider random polytopes contained in K constructed in the following way. Let
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K C R? (d > 2) and h be a convex body and a function, respectively, as in Theorem
4. Let (X,)nen be a sequence of independent random points on bd K, distributed as
in Theorem 4. Now consider a covering B4(X;,7) (i = 1,...,n) of bd K by n geodesic
balls with respect to the Riemannian metric on bd K introduced above, and let » > 0
be as small as possible. Set

Qn = ﬂ(H[ — M),
i=1
where the notaton is the same as above and 7; > 0 is chosen minimal with B4 (X, )N
int (H; — n;u;) = 0. Tt is easy to see that almost surely @, C K is a d-dimensional

polytope for all sufficiently large n € N. The following asymptotic relation can be
proved:

)(dH)/(dl) 1 /ﬂK(.%’)l/(d+1))(d+1)/(d_l)

SAK Ay Rd—1 L
( 7Qn) d—l—l Rd—1 :BIEIE(?%( h(:);’)

P — lim (
n—00 log n
Of the other measures of deviation studied by McClure and Vitale [11] for inscribed
and circumscribed polygons, the area or perimeter difference are of particular interest.
In higher dimensions, these functionals can naturally be replaced by volume, surface
area, mean width, or any of the other quermassintegrals. Precise asymptotic estimates
for the approximation of sufficiently smooth convex bodies are, in general, hard to
obtain. For the volume difference of inscribed or circumscribed polytopes, such results
have recently been proved by Gruber [6]; for the mean width, see [4]. The case of the
surface area seems to be difficult. Concerning the asymptotic approximation by convex
hulls of random points, some more references are given in the survey [16]. For convex
hulls of independent uniform random points in the interior of a convex body of class
C?, the asymptotic behaviour of all the quermassintegrals was determined by Bérdny

1].
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