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Abstract. For convex bodies K, K’ and a translation 7 in n-dimensional Euclidean space, let K V 7K’
be the convex hull of the union of K and 7K’. Let I be a geometric functional on the space of all convex
bodies. We consider special families ()~ of measures on the translation group 7;, such that the limit

lim F(KVTK')da, (1)

r—oo Jp.
exists and can be expressed in terms of K and K’. The functionals F' under consideration are derived from the
mixed volume or the mixed area measure functional. Analogous questions are treated for the motion group
instead of the translation group. The resulting relations can be regarded as dual counterparts to various
versions of the principal kinematic formula. Motivation for our investigations is provided by classical and
recent results from spherical integral geometry.
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The classical results of convexity-related integral geometry concern mean value formulae for intersections,
orthogonal projections and Minkowski sums of convex bodies. One further basic operation, which is in some
sense dual to the intersection, is defined by the convex hull of the union of two convex bodies. Integral
formulae concerning this operation are known in spherical integral geometry, as intersection formulae can
be transferred, due to the spherical principle of duality, into results regarding the convex hull operation.
It is clear that, if there are corresponding formulae in Euclidean space, they must be of a different nature
because of the non-compactness of Euclidean space and its motion group. It is shown in this article that
there are kinematic formulae, in the form of limit relations, which resemble these spherical results. They
have particularly nice properties with respect to Minkowski addition, and they are related to the well-known
rotation sum and projection formulae. In a first step, we prove translative versions, which have a simpler
structure than the known translative intersection formulae. It is interesting that the invariant measure on the
translation group (Lebesgue measure) can be replaced by much more general measures while still leading to
simple explicit results. We then apply known rotational mean value formulae to deduce kinematic versions
from our translative results.

For integral geometry of spherically convex bodies, we refer to the thesis [3], which contains classical
as well as new results; see also Part IV of Santald’s book [6] and the literature quoted there. For integral
geometry of convex bodies in Euclidean space, we recommend the recent survey by Schneider & Wieacker
[10], or Schneider & Weil [9].

In Section 1 we recall a recent result from spherical integral geometry, which provided motivation for the
present work. Our results are stated in Section 2. Sections 3 and 4 contain the proofs.
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1 A recent result from spherical integral geometry

We want to state two kinematic formulae for the support measures of spherically convex bodies. The relevant
notions can be introduced as follows (see [3]).

Let S™ be n-dimensional spherical space, i.e. the set of all unit vectors in R"*!, equipped with the standard
inner product (-,-). For z,y € S™ we let [z,y]® := pos{x,y} N S™, where pos is the positive hull operation.
A subset K C S™ is, by definition, in the class K of all spherically convex bodies, if it is compact and if
[z,y]* C K for all z,y € K. If K € K®, then also K* := {z € S™ : (z,y) <0 for all y € K} € K*; this body
is called the polar body of K. For K, K’ € K¢, the body (K* N K"*)* € K° equals the union of all sets [z, y]°
for x € K, y € K'; we denote this body by K V K’. We let NorK := {(z,u) € K x K* : (z,u) = 0} and call
the elements of NorK the support elements of K. For K € K° and j € {0,...,n — 1}, the support measures
O3(K, ) can be defined as the uniquely determined Borel measures on S™ x S™ that are concentrated on Nor K
and satisfy the Steiner-type relation

w/2
n—1

fdo= Z BiBn—j-1 / cos’ tsin™ i1 ¢ / f(zcost +usint) dOj (K, (z,u))dt
S\ (KUK*) 3=0 0 Snxsn

for all o-integrable functions f : S™ — R. Here o is spherical Lebesgue measure on S™ and 3, := o(S™).
We need some further notations. By v we denote the normalized invariant measure on the group SO, 41
of all proper rotations in R"*!, and for ¥ € SO,,;1 and subsets 1,7’ C S™ x S™ we let

nAdn = {(Jc,u) €S x S" 1 w€ uy,us]’® with up,us € 8™, (z,u1) €7,
(W e, 9 ug) €'}
nviIn = {(z,u) € " x S" : x € [z1,x2]" with z1, 20 € 8", (z1,u) €,

(0 o, 9 u) €'}

The following result was proved in [3]; note that we consider sums over empty index sets to be zero. We
assume the measure @‘;-(K ,+) to be complete, i.e. its domain is extended to include the sets 1y U2, where 7,
is a Borel set and 7 is a subset of a Borel set of ©3(K, -)-measure zero.

Theorem 1. Let K, K’ € K* and let n C NorK and nf C NorK’ be Borel sets. Let j € {0,...,n — 1}.
Then we have

n—1
O3(K NOK Aoy )dv(d) = > OF (K65, (K n), (1)
Son+1 2:J+1
j—1
O3K VOK qv oy )dv(¥) = > O3 (K,ne;_,_(K' 7). (2)
SOni1 i=0

Each of these two formulae follows immediately from the respective other one since the support measures
satisfy ©3(K,n) = ©5_; (K*,n~"), where n=' := {(u,z) : (z,u) € n}. This theorem provided motivation
for the work [4], where analogs of (1) in Euclidean space were examined, as well as for the present paper, in

which we aim at establishing Euclidean counterparts for (2).
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2 Statement of results

We begin by fixing our notation; Schneider’s book [7] is our basic reference for the notions used below. By
K we denote the space of all convex bodies, i.e. non-empty, compact, convex subsets of Euclidean space
R™. For Ky,...,K, € K, let V(K;,...,K,) be the mixed volume and S(Kj,...,K,_1,-) the mixed area
measure, which is a finite measure on the unit sphere S"~!. (Unless stated otherwise, all measures will be
Borel measures, i.e. they are defined on the o-algebra B(X) of all Borel sets of a topological space X.) For
K € K, the support function of K is denoted by hg : St — R, i.e. hx(u) = max{({u,z) : x € K}, where (-, )
is the standard inner product in R”. Mixed volumes and area measures are related by means of the equation

V(Kl,...,Kn):E / hi, dS(Ka,..., Kp,-). (3)
Sn—1

We will abbreviate, e.g., V(Ki,..., K1, Kj+1,...,Ky,) by V(K[j], Kjt1,...,K,) and use analogous conven-
tions in the case of the mixed area measures. For j € {0,...,n — 1}, the j-th area measure of a convex body
K is defined as

SJ(K’ ) = S(K[]]7 Bn[n —-J- 1]7 ')7

where B™ is the unit ball in R". For K, K’ € K, we will write K V K’ for the convex hull of the union K U K’.
The support function of the convex body K V K’ is given by

hK\/K’(U) = max{hK(u%hK,(u)}’ = Sn_l.

We will repeatedly use the following fact: If h : S"~! — R is such that its positively homogeneous
extension of degree 1 to R™ is a convex function, then there is a unique convex body K with h = hg (see [7],
Theorem 1.7.1).

Our first results are translative formulas for the mixed volumes and for the mixed area measures concerning
the “convex hull operation”, where the integration is with respect to quite general measures on R™. A measure
« on R is called homogeneous of degree § > 0, if a(sA) = s’a(A) for all s > 0 and all A € B(R").

Theorem 2. Let a be a locally finite measure on R™ which is homogeneous of degree § > 0. Define Z € K
to be the convex body whose support function is [y, |(-,x)|do(z). Let j € {1,...,n} and K;11,...,K, € K.
Let f: 8" 1 — R be continuous. Let a > 0. Then we have

: 1 .
din i [ VY (K )] K K dafa)
rBn
j—1
=Y V(K[ K'[j —i-1],Kj31,...,Kn, 2),
=0

: 1 .
TEH;OMT / / de(KV(K/+x)[J]aK]+177Kn—1a)da(x)

rBn gn—1

142 o
:52 / fAS(K[i),K'[j —i—1),Kj41,..., Kn_1,2Z,),
7;:05’71,71

uniformly for all K, K' € K which are contained in the ball aB™.

The body Z in Theorem 2 is a zonoid, i.e. the limit (in the Hausdorfl metric) of vector sums of line
segments. This follows from the proof of Theorem 2 and the fact that a convex body is a zonoid if its
support function has a representation [g,  |(-, u)| dp(u) with a finite measure p on S"~!, see Theorem 3.5.2
in Schneider [7].
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Remark. Using the methods applied in the proof of Theorem 2, iterated versions can be obtained induc-
tively. We state the version for the mixed volumes. Let j € {1,...,n}, k € {1,...,4}, and let Ky,..., K},
Kji1,...,K, € K. Define a function g : (R")* — R by

g(xh...,xk) = V(KO V (Kl +£L’1) VeV (Kk +1‘k)[j],Kj+1,...,Kn),

where the operation “V” is to be associative. Let a, ..., ax be locally finite measures on R™ such that «; is
homogeneous of degree &; > 0. Define Z; € K by hz, = [, |(-,2)| dog(x). Then we have
TILH;O s +6k+k / / (x1,...,zk) dag(x1) - - - dog(zg)
rBn rBm
) _
= o Z V(Kolrol, -, Kilrel, Kjusts - ooy Kny Z1y o Zi),
TQosenes . =0
7'0+O~-~+7‘kk:j—k
uniformly for all Ky, ..., Kj € K which are contained in a fixed ball. We will indicate the proof of this formula

in Section 3 after the proof of Theorem 2.

Using known rotational mean value formulae for the mixed volumes, we can deduce a kinematic version
from Theorem 2. Let SO, be the group of all proper rotations of R", and denote its invariant probability
measure by v. The group G,, of all proper rigid motions consists of all maps g, ¢ : R® — R", defined by
9z.0(y) = (y) + z, for x € R, ¥ € SO,,. If v is a locally finite measure on R”, we denote by p, the image
of the product measure a ® v on R"™ x SO,, under the map (z,?) — g¢g9. By £, we denote the volume of the
unit ball in R™. We state the result for the mixed volumes only and remark that, as above, iterated versions
can also be obtained.

Theorem 3. Under the assumptions of Theorem 2, we have

1 .
im [ VKV K ) duao)
{9€G,:gK'CrB™}
=5 ZV B"j—i—1),Kj41,...,Kn, Z) V(K'[j —i— 1], B"[n — j +i+1]),
™ i=0

uniformly for all K, K' € K contained in the ball aB™.

Remark. One can obtain explicit formulas for even more general measures on the motion group. We
consider only the case of the volume functional V3 for convex bodies in R3. Let the assumptions of Theorem
2 be given. Let ¥ be a finite measure on SOs3. Denote by p,, » the image of the product measure a@ ® ¥ on
R? x SO3 under the map (z,9) — g, . For arbitrary K € K, let R;K € K be the body with support function
fSOg hyr di/(9). We denote the image of 7 under the map 9 +— 9~* by #~1. We now deduce from Theorem 2
and Eq. (3) that

2
lim / Va(K V gK') dpia,5(9)

T—00 ’]”5+1
{9€G3:gK'CrB3}

= V(K,K,2)+V(K,R;K',Z)+ V(K',K',Ry-1 Z).

If K’ has interior points, then Minkowski’s theorem (see [7], Theorem 7.1.2) implies that there is a unique
convex body T; K’ whose second area measure is given by |, SOs Sa(OK’, ) dp(9). Tt follows from (3) that

V(K',K', Ry Z) = V(T; K, T;K', 7).

By using the concept of mixed bodies (see, e.g., [7], p. 396, Note 7), the above formula could be extended to
higher dimensions in a less explicit form.
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Our next result is a generalization of a special case of Theorem 2.

Theorem 4. Let a be a measure on R™ which is homogeneous of degree n and has a density function with
respect to Lebesgue measure that is continuous on R™\{0}. Define Z € K to be the convex body whose support
Junction is [, |(-, )| da(z). Let j € {1,...,n—1} and let Kj11,...,K,_1 € K. Let a > 0. Then we have

T—00 ’]" +1
rB™

lim / S(KV (K'+2)[j],Kjs1,- .-, Kno1,w) da(z)

725 i, K'[j—i—1),Kjs1,. ., Kn_1,Z,w),

uniformly for all w € B(S™™ ) and all K, K’ € K contained in the ball aB™.

Remark 1. The proof of Theorem 4 can be extended to give an iterated version. Let j € {1,...,n — 1},
ke{l,...,7}, and let Ky,..., Ky, K;j41,...,K,_1 € K. Define a function g : (R*)* x B(S""1) — R by

g(z1,... zp,w) = S(KoV (K1 +z1) V-V (K +a1)[j], Kjg1, ..., Kno1,w).

For i € {1,...,k}, let a; be a measure as in Theorem 4 and define Z; € K by hz, = [, [(-,2)|do;(z). Then
we have

lim — / "'/9(9317--~,!Ek,w)dal(zl)"‘dak(ﬂfk)

r—00 Tk(""‘l)

rBn rBm
1
227 Z S(KO[TO]a-~-aKk[Tk]7Kj+17---;anlazlv---;Zkvw);
TQyeens rp=0

ro+-Hrp=i—k

uniformly for all w € B(S"!) and all Ky, ..., K} € K which are contained in a fixed ball.

Remark 2. The proof of Theorem 4 can also be modified to show the following variant. See Gardner [2]
for the notions we use in this Remark. Let T" be compact with interior points and star shaped with respect
to 0, and let the radial function of T be continuous. Let I'T" be the centroid body of T', i.e. the convex body

with support function A"(T fT x)| dA"(x), where A™ is Lebesgue measure on R™. Then we have
711{20W /S K\/ K’ )[ } KJ+17,Kn71,W)d)\n($)
rT
1
= > S(K[i],K'[j —i—1],Kj41,..., Kn1,IT,w),
i=0

uniformly for all w € B(S™"~!) and all K, K’ € K which are contained in a fixed ball.

Our next theorem states a kinematic version of Theorem 4. If g = g, 9 € G, we let gy := ¥ € SO,, be
the rotational part of g.

Theorem 5. Under the assumptions of Theorem 4, we have

. 1 .
Jim s S(KV gK'[j], Kjy1,- -, Kn1,w N gow') dpia(g)

{9€G,:gK'CrB™}

1 =

2nk, “ g

=

S(K[’L],Bn[j -1 — 1],Kj+1, .. .,Kn_l,Z,w) Sj_i_l(K/,w’),
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uniformly for all w,w’ € B(S"™1) and all K, K' € K contained in aB™.

Remark. If we put p := pyn, then p is a Haar measure on G,,. A special case of Theorem 5 now reads

1 / / Kn—1 A
rlggom / S;(KVgK',wngow') du(g) = n—!—ln/@nZSZ Si—i—1 (K w').
{9geG,:gK'CrB™} =0

This formula can be considered as the analog of a special case of (2) in Euclidean space.

We conclude this section with some concise comments on a possible extension of the formula stated in the
last Remark from the area measures to the support measures (or generalized curvature measures) of convex
bodies. To define these measures, let K € K and let NorK be the set of all support elements of K i.e. the set
of all pairs (x,u) € R™ x S"~! where z is in the boundary bdK of K and u is an outer unit normal vector of
K at z. The support measures ©,(K,-), j € {0,...,n — 1}, are the unique measures on R™ x S7~! which are
concentrated on NorK and satisfy the Steiner-type relation

/fcw—nl( )/ / "I f (2 4 tu) dO; (K, (2, u))dt

R\ K 0 RrnxSn—1

for all Lebesgue integrable f : R™ — R; compare Schneider [7], Theorem 4.2.1. We have S;(K,w) = ©,(K,R" x
w) for all Borel sets w C S"~1. We assume the measures ©;(K,-) to be complete.

Next we define a law of composition between two subsets of R™ x S”~! which is adapted to the convex
hull operation for pairs of convex bodies. For 7,7’ C R” x §"~! and g € G,, we let

nvgn = {(z,u) ER" x "' : =z € [z1,75] with 1,22 € R", (z1,u) € 1,
(97 2,95 tu) €01’}

where [21, 23] is the closed line segment with endpoints 1, x2. Again, we put p := px». We want to state the
following conjecture:

Conjecture 1. Let j € {1,...,n— 1} and let a > 0. Then we have

1 ’ ’ Kn—1 ’o
Jim / 0,(K vV gK' 0V gn')du(g) = n+1mn;®an 0,_i—1(K", 1),

{9eG,:gK'CrB™}
uniformly for all K, K' € K contained in aB™ and for all Borel sets n C NorK, ' C NorK’.

The methods of the present paper, those of the work [4], and an application of Schneider’s local rotation
sum formula (see [7], Theorem 4.5.9) show that Conjecture 1 is true provided the following assertion about
the boundary structure of convex bodies can be shown to be true.

Conjecture 2. Let K, K' € K. Then for p-a.e. g € G,, we have the following. For every x € (bd(K V
gK")\(bdK UbdgK’) there are unique points y € bdK, z € bdgK' such that x lies on the line segment [y, z].

This second conjecture was stated in a different but equivalent form in [3], p. 113. The argument sketched
in Section 2 of [4] shows that Conjecture 2 is true in dimension n = 3 (the case n = 2 can easily be verified).
Furthermore, a dualization of Theorem 2.2 in [4] can be used to show that Conjecture 2 is true in general
dimensions if one of the bodies K, K’ is a polytope. Thus we can conclude that Conjecture 1 is true if n < 3
and in general dimensions if one of the bodies K, K' is restricted to the class of all polytopes.

Theorem 2.2 in [4], mentioned above, relies on a result of Zalgaller [11]. If Conjecture 2 turns out to be
true, it will be a generalization of a result of Ivanov [5], who, like Zalgaller, used the methods developed by
Ewald et al. [1]. We do not know whether these methods can also be applied to prove Conjecture 2.
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3 Proofs of Theorems 2 and 3

We will use the following two lemmas. The first one is known, see Schneider & Weil [8], p. 308, Eq. (9.7), but
we will give an alternative proof. For x1, ...,z € R™, we denote by Dy(x1,...,x) the k-dimensional volume
of the parallelepiped spanned by these vectors. If K € K and if L is a linear subspace, we denote by K|L
the orthogonal projection of K onto L. In the proofs of Theorems 2 and 4 we will use only the case k = 1 of
this lemma. However, if one wants to modify the proof of Theorem 4 to show the iterated extension, one may
utilize the second part of Lemma 1 in the version stated below.

Lemma 1. Let k € {1,...,n}. Fori € {1,...,k}, let p; be a finite measure on S"~1, and let Z; € K be
the convex body with support function fS"fl |(-,v)| dp;(v). Let Ky,...,K,_ € K. Then we have

nn—1)---(n—k+1) V(K1,...,Kn_k,2Z1,...,2)

_ ok / / Di(utr, ) VIELL, .. K| L) dpa (1) - -~ dpro (),
Snfl Snfl

where L is the (n — k)-subspace orthogonal to uy,...,uy (provided that Dy (uy,...,us) > 0) and V' denotes
the mized volume functional in L (if k =n, then VI =1). If k <n —1 and w € B(S™™1), then

n—l)(n—k:) S(Kl,...,Kn,k,th,...,Zk,w)

(
=2k / / Dy(ur,...,ux) SH(KL|L, ..., Ky 1|L,w N L) dpy(uy) - - - dpg(ug),
Sn—l Sn—l

where ST is the mized area measure in the subspace L (if k = n — 1, then S* is the counting measure on
SN L.

Proof. The first equation can be shown by a straightforward induction on k, where (3), the Fubini theorem,
and the relation

1
VA(K|H,...,K, 1|H) = 3 / |(u, )| dS(Ky, ..., Kn_1,v)
Snfl
are used. Here K, ..., K, are arbitrary convex bodies and H is a hyperplane through 0 with unit normal

vector u; see Schneider [7], p. 296, Eq. (5.3.32).
In the case k < n — 1, a further application of (3) gives

(1) (n— k) / hic.  dS(Kvs . Ko o1, 2, 7o)
Snfl

— 9k / / Dy(uy, ... ug) / hi,
Sn—1

gn-1 sn-1nL
dSL(Kl‘Lv s 7Kn—k—1|L7 )dpl(ul) e dpk(uk)a

and since the set of all differences of support functions is dense in C(S"71) (see [7], Lemma 1.7.9), the
function hg, , can be replaced by an arbitrary continuous function. Now the uniqueness statement in Riesz’
representation theorem shows that it can also be replaced by the indicator function of a Borel set w C S*~1;
this gives the second equation of Lemma 1. |

Below we will use the following notations. P denotes the class of all convex polytopes. For K € K and
ue S F(K,u):={x € K : (z,u) = hx(u)} is the support set of K at u. The volume functional on K is
denoted by V,,. For K, K’ € K, K + K’ is the Minkowski sum of these two bodies. The dimension of a convex
body K is denoted by dim K.
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Lemma 2. Let P,P' € P and let U := {u € S" 1 : dim F(P + P',u) =n — 1}. Then

2 Vo(PV P') =V, (P) P+ Y Vu(F(Pu) V F(P' ).
uelU

Proof. Let Uy :={u € U : hp(u) > hp/(u)}. We have

(F(P,u) Vv F(P,u)\F(P',u)= | F(sP+(1—5)P' u)
0<s<1

for all v € U; and
(PvP\P' = ] |J F(sP+(1-s)P,u),
0<s<1luelU;

where the union over s is disjoint. It follows that

(PVPW\P = | (F(Pu) Vv F(P u)\F(P',u).
uelU;

Furthermore, for u,u’ € Uy, u # u/, the interiors of the sets F(P,u) V F(P’,u) and F(P,u') V F(P',u’) are
disjoint, since otherwise, for some s € (0,1), the relative interiors of the facets F(sP + (1 — s)P’,u) and
F(sP+(1—s)P',u') of sP+ (1 —s)P’ would have non-empty intersection, which is impossible as these facets
do not coincide. We conclude

Va((PV P WP = Y Vu(F(Pu)V F(P',u))
uwelU;

and analogously we get V,((PV P')\P) = >, cp;, Va(F(P,u) V F(P',u)) where Uy := {u € U : hp(u) <
hp(u)}. If w € U with hp(u) = hps(u), then clearly dim(F (P, u) V F(P',u)) < n — 1. Now the result follows.
|

In the proofs of Theorems 2 and 4 we will use the following notations. For a vector v # 0, the hyperplane
through 0 and orthogonal to v is denoted by v*. For K € K and i € {0,...,n}, let V;(K) be the i-th intrinsic
volume. So if dim K = n, then 2V,,_1(K) is the surface area of K and if dim K = 4, then V;(K) is the
i-dimensional volume of K.

Proof of Theorem 2. Let the assumptions of Theorem 2 be given. We begin by showing that it suffices to
establish the relation

lim ! /V(K\/(K’—i—x

r—00 7"5""1
’I"B"

1
g/vsK+ (1—8)K'[n—1],2)ds, (4)
0
where the limit is uniform for all K, K’ € K with K, K/ C aB".

So let us assume that this is true. Since hxv i = max{hg,hx'} and hx ' = hxg+hg forall K, K’ € K,
we have h(K\/K/)+K” = h(K+K”)\/(K’+K”) and thus (K\/KI)+K// = (K+K//)V(K/+K/I) for all K, K/,K/I €
K. Hence if we replace K and K’ in (4) by K + tK,, and K’ + tK,, t > 0, the additivity properties of the
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mixed volume imply that

lim
r—00 r5+1

() [ VU s i1 e

rBn

I
ET

/v (K V(K" + 2)) + tK,) da(z)
rBm

= lim —— ! /Vn((KthKn)\/(K'+tK"+:17))da(x)
rB™

|3

V(s(K +tK,)+ (1 —s)(K'+tK,)[n—1],Z)ds

|3

:‘ S

V(sK+ (1 —s)K'+tK,[n—1],2Z)ds

7

I§
=)

3

— g 1("f1>tiO/1V(sK+(1_s)K'[n—i—l],Kn[iLZ)ds

where the limits are uniform in K, K’ C aB™. Comparison of the coefficients of ¢ gives

lim / V(K V(K +z)n—1],K,)da(z)

r—00 7‘6+1
rBn
1

VK'[n — 2], Ky, Z) ds,

and repetition of this argument yields

tim e [V R+ 0 K ) data)
rB"
. 1
_ %/V(sK—i—(l—s)K’[j—1],Kj+1,...,Kn,Z)ds

0

|
—

. J

I
[\Eq

1
-1
(J )/s Y= ds V(K[i], K'[j — i — 1], Kj41, - .-, Kn, Z)
0

i

Il
— [}

j7

V(K[ K'[j—i—1],Kj41,...,Ky,, 2Z),

DN | =
(e}

1=

uniformly for K, K’ C aB™, where we used j(J 1) fo (1 — 5)77"=1ds = 1, which can be shown by i-fold
integration by parts. Now the first formula of Theorern 2 is deduced from (4)
Using (3), the above argument shows that (4) implies

77— 00 7“5""1
rBm §n—1

1
lim / / hi, dS(KV (K" +2)[j], Kj+1,. .., Kn1,-) da(z)

72 / hi, dS(K[i|, K'[j —i — 1], Kj11, ., Kn_1,Z,),
5'77 1
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uniformly for K, K’ C aB™. As the continuous function f can be approximated arbitrarily closely, in the
maximum norm, by differences hr, — hg for K, K, € K (see [7], Lemma 1.7.9), we can use the triangle
inequality to deduce that

lim L / / de(K\/(K/"Fl')[j}?Kj-‘rlv"'7K"_1’.)da(x)

T —00 7’5+1
rBn gn—1

*fZ/de i, K'[j —i—1],Kj41,..., Kn1,2,-),
Snl

uniformly for all K, K/ C aB™. Now also the second relation of Theorem 2 is reduced to (4).
So our aim is to prove the relation (4). Since the right side of (4), as well as the left side for any fixed
r > 0, is continuous in K, K’, it suffices to prove that for all a > 0 there is a ¢ > 0 such that

7“5% / V"(P\/(P/+x))da(x)7%/V(SPJF(I*S)P'[nfl],Z)dS <

rBn

3o

for all r > 0 and all polytopes P, P’ € P which are contained in the ball a B™.
We will need a polar decomposition of the measure «, which can be achieved as follows. Define a finite
measure p on S" ! by

plw):=da{te e R":0<t <1,z € w}), weB(S™ ),

and define a measure & on R"™ by

oo

a(A) ::/ / 2711 4 (tv) dp(v) dt,

0 gn—1

where 14 denotes the indicator function of the Borel set A € B(R"™). It follows from the local finiteness of «
that the spheres tS"~! t > 0, have a-measure zero. Therefore o and & coincide on the sets {tx € R™ : ¢; <
t <ty,x € w}, where 0 < t; <ty and w € B(S"1). Since R™ is the union of an increasing sequence of such
sets and since they are closed under intersections and generate B(R"), it follows that & = «. We therefore

have
oo

/gda:/ / L g(tv) dp(v)dt
0

R S’nfl

for all measurable functions g > 0. In particular

/| 2)] da(a /1/t‘s (., t0)]| dp(v) 5+1/\ o) dp(v)
0

Sn—1

so if Z' € K is the body with support function [g,_, |(-,v)|dp(v), then Z = 64%12/'
For the following, let a > 0 and let P, P’ € P with P, P’ C aB™. Let r > 0. Define

U:={uecS" ' :dimF(P+P,u)=n—1}.
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According to Lemma 1 we have

g/v(sp + (1= s)P'[n—1], 2)ds
0

\_/

1
- /VsP—l— (1-s)P'[n—1],2")ds
0

Vio1((sP + (1 — s)P")|vt) dp(v)ds

|
(=%
¥~
OH\H
—

[

Sn—

/ Z F(sP + (1 —s)P',u)|v*) dsdp(v)

SleUE

Il
1~

I
S

/Z u,0)|Vyy_1(F(sP + (1 — s)P',u)) dsdp(v)
0

Sn 1 uel
1 T
= W/ / t‘s*l Z |(u, tv)|Vy—1(F(sP + (1 — s)P',u)) dsdp(v)dt. (5)
0 gn—1 0 uelU

On the other hand, we infer from Lemma 2 that

S [ VPV (P 4 ) dao)
rBn™
= 2715% / (Vn(P)—f—Vn(P/)—i—ZVn(F(P,u)\/(F(P’7u)+x))) da(x)
rBn uclU
_a(B")(Va(P) + Va(P))
2r
6—1 /
2r‘5+1 O/Sn/lt %;JV (Pyu) vV (F (P u) + tv)) dp(v)dt. (6)

Let us show the following assertion: If K; and K5 are convex bodies which are contained in a single
hyperplane, then
V(K1 V (Ky +2)) = Vn(K1|xJ‘ \Y, (K2|xJ‘ +x))

for all  # 0. We can assume dim(K; + K3) =n—1, 0 € aff(K; + K») and z ¢ aff(K; + K3), where aff denotes
the affine hull operation. Choose a basis {y1,...,yn—1} in the linear subspace aff(K; + K5). The linear map
that fixes 2 and maps each y; to y;|2* has determinant one and maps K; V (Ko +x) onto K|zt V (Ks|zt +x).
This shows the above equation.

For each u € U, there is a y, € 2aB™ such that F(P,u) and F(P’,u) — y, are contained in a single
hyperplane. What we have shown above implies that

Va(F(Pu) V (F(P' u) + tv)) = Vo (F(Pu) V (F(Pu) = yu + t + yu))
= Va(E(P,w)|(tv + yu) ™ V (F(P' 0) = yu) [(tv + yu)© +to +y4))
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forallu € U, v e S" 1, t >0 with tv # —y,,. Now Cavalieri’s principle shows that

Vi(F(P,w) V (F(P',u) + tv))
[[tv+yu|l

S
= o1 (————F (P,
/ Y 4Ww+%n( )+
0

[t0 + yull — s

[[tv + yull (F(P, ) - yu)) ](tv + yu)L) ds

[0 + yul /Vn—l((sF(P, u) + (1= $)F(P',u))|(tv + yu) ") ds

= |(u,tv+ yu)] /Vn,l(sF(P, u)+ (1 —s)F (P u))ds

0
1

=|ww+%M/w4qu+u—@Pw»@ (7)

0

forallu € U, v € S, t > 0 with tv # —y,. Both the first and the last term equal zero if tv = —y,,. Because
of
[, 00 4+ )] = 1t 10)1] < 1ot 9] < gl < 20

forallu e U,v e 8" 1 t >0, and since V,,_1(sP + (1 — s)P') < V,,_1(2aB") for 0 < s < 1, we get from (5),
(6), and (7)

T% / Vn(P\/(P’Jrz))da(x)—g/V(sP+(1—s)P’[n—l],Z)ds
0

rBn

T

< % + w%/ / /115“ > Vaa(F(sP+ (1 - 5)P',u))

0 gn-1 0 uelU

(s to + )| — |G, to)]| dsdp(v)dt

Rl Ne!

1
ﬁ/v (sP+(1—s)P')ds < =
T
0

with suitable numbers ¢, ¢1, co > 0, which depend on a, but not on P or P’. This is what we wanted to show.
|

In the following we indicate how the iterated formula stated in the Remark after Theorem 2 can be
obtained. It is sufficient to show that for all @ > 0 there is a ¢ > 0 so that

1
m/.--/Vn(Pov(Pl+:c1)v-.-v(Pk+xk))da1(x1)-.-dak(xk)

rBm rBm™
1 iy c
- % S V(Rlrol-. . Palrwl, Zu, - Z) <-
A S
for all polytopes Py, ..., P, C aB™ and all r > 1. Let k£ > 1 and assume that the corresponding assertion is true

for all smaller positive integers. Let a > 0, r > 1, and let Py, ..., P, C aB™ be polytopes. For z1,...,x,_1 € R™
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let U(xy,...,25-1) :={u€ S 1 :dim F((PyV (P +x1)V-+V(Py_1+x_1))+ Py, u) = n—1}. The inductive
hypothesis and Lemma 2 imply that

/-~-/Vn(Po\/(Pl+sc1)v~-~\/(Pk+mk))da1(ac1)---dak(gck)

o1t +ontk
rB™ rB”
1
-5 [ DA V(P +x1) V-V (Peoq +xp-1),u) V (F(Py,u) + x5))
rBn rBn UGU(‘TI’ Tk — 1
C1
daq(z1) -+ dag(zy)| < —,
where here and below c1, ..., ¢4 denote suitable positive numbers which are independent of Py, ..., Py. It can

be shown as in the proof of Theorem 2 that

et S VaB(Ro V-V (Poy + 1), u) V (F(Pyyw) + ) dog ()

rBn weU(T1,...,Tk—1)

1

1

T a1 / /Vn,l((s(Po V(Pi4z) V-V (Po_1 + 1)) + (1 — 5)P)|vt) dsdpi(v)
sn-1 0

< 672 Vii_1(2aB™ V (2aB™ + 21) V ---V (2aB™ + x4_1)) < carF 2

for all z1,...,2,_1 € 7B", where p;, is the measure on S"~! corresponding to oy (see the above proof). We
can now apply Lemma 1 to show that

1

rBm" rB™
1t +5k 14+k—1 / /
rBm rBn"
— ‘ . c
S V(P V-V (Pecy + w1)[il, Peln — i — 1], Zg) don (1) - - dog—y (w4 -1) §74
=0

Now the assertion can be deduced from the inductive hypothesis.

Proof of Theorem 3. Let the assumptions of Theorem 2 be given, and let K, K’ € K with K, K’ C aB".
For all ¥ € SO,,, r > 0, and x € R™, we have the implications

rerB" = YK +xC(r+a)B",
IVK'+2C(r+a)B" = x€(r+2a)B™.

Therefore
1 .
sy / / V(K V(@WK +2)[j], Kjs1,. .., Ky) dv(9)da(z)

rB SO,
1 .

< V(K V gK'[j], Kjs1, .. Kn) dpa(g)

{9€Gn:gK’ C(r+a)B"}

1 .

< s, / V(KV @K'+ 2)[j], Kjs1,. .., K,) dv(9)da(z).

(r+2a)B" SO,
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Equation (5.3.25) on p. 294 in Schneider [7] gives

/ V(K[i],9K'[j —i — 1], K41, ..., Ky, Z) dv(9)

SO'n,
= — V(K[i|,B"j—i—1],Kj1,..., K, Z) V(K'[j —i— 1], B"[n— j + i+ 1]),
i €{0,...,7—1}. We now deduce from Fubini’s theorem, Theorem 2, and the dominated convergence theorem

that both the first and the third term in the above inequalities converge for r — oo to

1 i

P > V(KB j —i— 1], Kjgn,. .., Kn, Z) V(K'[j —i — 1], B"[n — j +i + 1)),
™ i=0
uniformly for K, K’ C aB"™. Thus the second term has the same limit, and Theorem 3 follows. ]

4 Proofs of Theorems 4 and 5

In the proof of Theorem 4 we will make use of the following fact. Let P be an n-dimensional polytope and
define F;(P), i € {0,...,n — 1}, to be the set of all i-dimensional faces of P. Then

Sn-1(Pw) = Z Vo1 (F) 1, (ur), (8)

FeFn_1 (P)
where ug is the outer unit normal vector of P at F.

Proof of Theorem 4. Let the assumptions of Theorem 4 be given. The measurability of the integrand on
the left hand side, for any fixed » > 0, can be proved by standard methods of integration theory, see, e.g.,
Hilfssatz 7.2.2 in Schneider & Weil [9].

We will use the concept of the total variation norm ||u| of a finite signed measure p on S™~1. We
have [|ul| = sup{ [g.—: fdp : f € C(S" 1), [|fllsc < 1}, where ||f||oc denotes the maximum norm of f, and
1]l < 2sup,epsn-1) [(w)| < 2[|pl. It can be seen as in the proof of Theorem 2 that it is sufficient to show
that

1

lim 1 / Sn—1(KV (K'+z),)da(x S(sK+(1—s)K'[n—2],2,-)ds,

r—oo rntl

rBn 0

where the limit is in the sense of the total variation norm and uniform in K, K’ C aB™. Since the right side,
as well as the left side for any fixed r > 0, are weakly continuous in K, K’ € K, it suffices to show that for all
€ > 0 and all a > 0, there is an rg > 0 such that

/Sn PV (P +2),w) da(z)

rBm

Tn-i—l

1
-1

VP'[n—2],Z,w)ds| <e 9)

0

for all 7 > 7, all w € B(S™™1), and all n-dimensional polytopes P, P’ € P which are contained in aB". For
the following, assume that € and a are given, and let P, P’ € P be n-dimensional polytopes with P, P’ C aB"
and w € B(S"1).
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Let f: R™\{0} — R be the continuous density of o with respect to Lebesgue measure \. Again as in the
proof of Theorem 2, it follows that

oo

a(A) = / / () f(0) do(v)dt, A€ BRM,

0 gn-1

where o is spherical Lebesgue measure on S"~!, and that f(tv) = f(v) for all v € S"71,¢ > 0. If Z’' € K has
support function [g,_, |(-,v)|f(v) do(v), then Z = %HZ'.
Let us define
F={(F,F'Ye F(P)x F*(P): F+ F' € F,_o(P+ P")},

where F*(P) is the set of all non-empty faces of P, and for (F, F’) € F let

Appri={z €R"™ : FV(F +uz)isa facet of PV (P’ +z), and its outer
unit normal vector is contained in w},
Brp :={veS"' . (F4 F')v" is a facet of (P + P')jvt, and its outer unit
-)

normal vector (in the subspace v™—) is contained in w}

(we do not indicate the dependence on P, P’ and w, since these remain fixed in the argument below). Let
further

C:={zxeR" : foreach facet G of PV (P’ + z) which is not a facet of P
or P+, we have (GNP) + ((G—z)NP') e F_o(P+P)},
D:={veS™ ! . wisnot parallel to a segment in the boundary of P 4 P’}.

The following facts will be used below.

(a) For z € R™, each facet of PV (P’ + x) which is not a facet of P or P’ + x is of the form F V (F' + ),
where F' € F*(P), F' € F*(P’).

(b) Let F € F*(P),F’ € F*(P'). If the set {x ¢ R" : FV (F' 4+ z) € F,_1(P V (P’ 4+ z))} has positive
Lebesgue measure, then (F, F’) € F.

(€) A*(R™\C) = 0.

(d) If z € C and if (F, F"), (F, F') are distinct members of F such that both F'V (F” 4 ) and FV(F' +x)
are facets of PV (P’ +z), then FV (F' +2) # FV (F' + x).

(e) o(S"\D) = 0.

(f) If v € D and if (F, F'), (F, F') are distinct members of F such that both (F + F”)[v* and (F + F”)[v*
are facets of (P + P’)|vt, then (F + F')|vt # (F + F') v,

(¢) Let (F,F') € F, y € R" with dimaff(FU (F' —y)) =n—2, v € D, and t > 0. Then we have the
equivalence
RS BF,F/ — tv—y € AF,F’-

Let us briefly verify these assertions. For (a), let © € R™ and let G be a facet of PV (P’ + x) which is not a
facet of Por P'+z. Let F:= GNP, F' :=(G—x)NP'.Then G = FV(F'+x) and F € F*(P), F' € F*(P").
For (b), let F € F*(P), F' € F*(P') and let M(F,F') :={x e R": FV (F' +x2) € Fuur(PV (P +2))}. If
dim(F + F') < n—2, then M(F,F') = 0. If dim(F + F') = n—1, then M(F, F') is contained in a hyperplane.
If dim(F 4+ F') =n —2 and F + F’ is not a face of P + P’, then M (F, F’) is contained in the union of all
M(F,F") where (F,F") € F*(P) x F*(P') with dim(F + F') = n — 1. For (c), let € R™\C. Then there
isaG e Fr1(PV (P +2)\(Frno1(P)UFu_1(P' +2)) with (GNP)+ ((G—x)NP') e Fp1(P+ P).
It follows from (b) that the set of all such x has Lebesgue measure zero. For (d), let x € C and let G €
Fo-1(PV (P +2)\(Fr-1(P)UF,_1(P'+2)). Then F := GNP and F' := (G—xz)N P’ define the unique pair
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(F,F') € F with G = FV(F'+z). This proves (d). For (e), note that S"~1\ D equals the union of finitely many
great subspheres of S”~1. For (f), let the assumptions be given and assume (F + F')[v+ = (F 4 F')|v. Then
clearly v ¢ D, a contradiction. For (g), let the assumptions be given. Clearly both conditions are equivalent
to the existence of a common supporting hyperplane H of P and P’ — y which is parallel to v and satisfies
HAP=F,(H+y)nP =F'

From (a) — (d), the fact that « is absolutely continuous with respect to A", and (8), we get

Tn+1 / Sn—1(PV (P + z),w)da(x) — Z La, 0 (2)Var i (FV (F' + 2)) do(x)
rBn (F.F)eF rBn
2 , C1
<2 / (Vea(P) + Vara (P)) dafa) < (10)
TB’VL
for all r > 0, where here and below ¢y, o, ... are some positive numbers depending only on a and «a. It follows

from Lemma 1, Eq. (8), (e), and (f) that

1
/S (sP+(1—38)P'[n—2],7Z,w)ds
0

1
= n—i—ll /SsPJr (1—3s)P'[n—2],Z" ,w)ds
0

1
= S}; o((sP + (1 — 8)P) vt wnot) f(v) dsdo(v)
n+lsn/1b/

n+1
gn-1 0 (FF)eF

= / / Z 1, . (V)Va—a((sF' + (1 — s)F) ) f(v) dsdo(v). (11)

For each pair (F, F’) € F we can choose a vector yp g+ € 2aB™ such that dimaff(F U (F' —ypp)) =n — 2.
As in the proof of Theorem 2, we have for all = # 0

Vaer(FV (F' = ypp + ) = Vaoa (Flat vV (F' = ypp)lzt) + 2)).
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We thus get from (e) for all (F,F’) € F and all r >0

1a, 0 (@)Vor(FV (F' + 1)) da(x)

rB"—yp pr

- / 1, o (&= yr e WVat (FV (F' — yppr + 2)) f(& — ypp) dA"(2)
rBm™

/ / PV (0 — g ) Va 1 (FV (F — g + t0) £t — g o) do(v)d
0 gn—1

= / / t"fllBFvF, (U)Vn_l(F|’UJ‘ vV (((F' - yF7F/)|UJ‘) + tv)) f(tv — yp p) do(v)dt
0 gn-1

= /T / "5, . (U)/Vn—2(< F+ = S(F _yF,F’))‘UL> ds f(tv — yrp) do(v)dt

0 sn-1
r 1
= / / t"1p, . (v /Vn 2((sF 4+ (1 — 8)F)|vr)ds f(tv — yp pr) do(v)dt. (12)
0 gn-1 0

Since the symmetric difference rB™ A (rB™ — yp p) is contained in R := ((r 4+ 2a)B™\(r — 2a)B") — yp p for
all 7 > 2a, we can use (12) and (11) for f = 1 to obtain

1
Tn+& j{:

(F,F’)E}- rBn

14, 0 @)Vt (FV (F' +2))da(z)

— / 1a, 0 (@)Voor(FV (F' + 1)) da(x)

rB -y

1
Y [l @V Y () dae)
(F,F,)EJ:R
r+2a

_ W}H 3 / /mBm,(v)

(FF)EF 1 %9 gr

X | Vi_o((sF 4 (1 — 8)F")|vb) ds f(tv — yp.p) do(v)dt

\H

r+2a 1
‘L{!ﬁo / t"dt (n— 1)k 1/5 (sP+(1—s)P'[n—2],B", S" ') ds
r—2a 0
r4+2a
Wllee [ 40 4t (0 — 1) 10V (20870 — 2], B'2]) < 2 13
1 n—17 ( a [n ]7 []) = ( )
r—2a

for all » > 2a. Since f is uniformly continuous on S™~! and positively homogeneous of degree 0, we deduce
from ||yp /|| < 2a for all (F, F’) € F that for all ¢ > 0 there is a ty > 0 such that

[f(tv —yrr) — f0)| < €
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for all v € S"~! (F,F’) € F and all t > ty. Now (10) — (13) and the triangle inequality imply that

1

WH /Sn (P (P +2),w)da(e VP — 2], Z,w) ds
rB™ 0
T 1
c1+c2 1 n
< ——+ o > / t"p, . (v /Vn 2((sF + (1= s)F)[vt)ds x
(F,F')EF(Q gn—1 0
x |f(tv —yrp) — f(v)|do(v)dt
S c1+ co Cgtg—H n 046/

r 7~7L+1

for all r > 2a, where t; > 0 is chosen according to ¢ > 0. If we let € be small enough, we can find an ro > 2a
so that the above sum does not exceed € for all » > rqg. Thus (9) is proven and Theorem 4 is established. B

Proof of Theorem 5. Theorem 5 is deduced from Theorem 4 in the same way as Theorem 3 was derived
from Theorem 2. This time we have to use the rotation sum formula

/S LOK'[j—i—1],Kjt1,..., Kn_1, Z,wN V") dv(9)

SO,
1 o
= W S(K[Z]aB [] — 1= 1]7Kj+17 v 7Kn717Zaw) ijifl(Klvw/),
i €{0,...,5 — 1}, see Schneider [7], p. 295, Eq. (5.3.28). [ |
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